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Abstract

The objective of this paper is to provide a novel method for developing the shape functions of a beam-column element
with semi-rigid connection ends, thereby establishing a static analysis method for semi-rigid steel frames. This method
takes into account the influence of the P-Delta effect, according to the finite element method based on displacement (FEM).
The shape function is established directly from a third-order Hermitian displacement function polynomial combined with
the bending element deflection differential equation. The linear elastic stiffness matrix, the geometric stiffness matrix of a
semi-rigid connection beam-column, and the equilibrium equation of the element in a local coordinate system are
simultaneously obtained by applying Castigliano’s theorem (Part 1) for elastic deformation potential energy expression.
The computational program was developed using Matlab software, and the calculation results are verified against published
research results, showing that the derived shape functions and the steel frame analysis method are reliable and trustworthy.
In addition, this article also derives stiffness matrices and an equivalent nodal load vector for specific cases where the
semi-rigid connection is fully rigid (FR) or a pin connection. The derived shape functions are polynomial expressions with
coefficients that are simply calculated from the connection stiffness and the geometric and material characteristics of the
element, making them highly convenient to use.

Keywords: Steel Frames; Beam-Column Element; Semi-Rigid Connection; Shape Functions; Second-Order Static Analysis.

1. Introduction

Steel frames are one of the main types of load-bearing structures, and they are often used in high-rise construction
projects. Due to the characteristics of manufacturing and erecting steel frames using the assembly method, beam joints,
column joints, column bases joints, and especially beam-column joints are often semi-rigid connections. Studies on the
analysis of semi-rigid steel frames, including those by Stelmack (1982) [1], Chen & Lui (1987) [2], Anh (2003) [3],
Quang (2012) [4], and Chan & Chui (2000) [5], have shown that semi-rigid connections play an important role in the
behavior of frame structures. To obtain analysis results closer to the actual behavior of the frame structure and ensure
an economy design, it is recommended in most cases to use a frame model with semi-rigid connections. In addition,
steel frames often consist of slender components. Under applied loads, steel frames often experience lateral
displacements and horizontal movement. At the same time, components sag, causing a significant impact on the
performance of the frame. The effects due to such changes in geometry and loading are called P-Delta effects or second-
order effects. Analysis that includes the P-Delta effect is also called second-order analysis. When the steel frames have
semi-rigid connections, the P-Delta effect also changes the stiffness in the connections, leading to changes in the stiffness
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of the elements and the overall stiffness of the frame, thereby continuing to change the displacement and internal force
of the frame. In fact, design standards such as AISC-LRFD (2000) [6] or Eurocode 3 (2005) [7] have provided formulas
for determining the strength and stiffness of semi-rigid connections and regulations on calculating steel frames with
semi-rigid connections as well as instructions on calculating steel frames considering the influence of P-Delta geometric
nonlinearity. The existing literature shows that there are essentially seven methods to establish key quantities—such as
the linear elastic stiffness matrix, geometric stiffness matrix, and equivalent nodal load vector—necessary for second-
order analysis of semi-rigid steel frames. These methods can be summarized as follows:

First method: Based on the "conjugate beam method", this approach deduces the relationship between force and
displacement at the ends of the semi-rigid beam element, thereby building an elastic stiffness matrix for the semi-rigid
beam-column element. This elastic stiffness matrix is presented as the elastic stiffness matrix of a beam-column element
with both FR ends, multiplied by a correction matrix whose elements are functions of two parameters called the fixity
factor. A notable contribution to this method was made by Monforton (1962) [8]. Due to the complexity of the
expression, this method has not yet established the geometric stiffness matrix for the semi-rigid beam-column element.
Consequently, some authors have combined it with the geometric stiffness matrix of the beam-column element with
both FR ends for second-order analysis. Researchers such as Dhillon & Abdel-Majid (1990) [9], Xu & Grierson (1993)
[10], and Xu (2001) [11] have utilized this approach.

Second method: This method considers the rotating spring as a separate element and assembles it into the FR ends
beam element to form a hybrid element, that is, the semi-rigid beam element. The main concept of this method is that
the “internal moment” (on the spring side connected to the beam) and the “external moment” (on the spring side
connected to the column) for each spring are balanced; and it is necessary to shorten the "free internal displacements”
corresponding to the "internal moments" of the relationship between the moment, stiffness, and rotation angle of the
hybrid element. The stiffness of the hybrid element is obtained by directly adding the stiffness of the corresponding
connections to the bending stiffness in the elastic stiffness matrix of the double-end FR beam element. Lui & Chen
(1985) [12] presented this method early on, and it is widely used in first-order analysis. Xu (1992) [13] assembled a
rotating spring element into a FR double-end beam-column element to establish the stiffness matrix of the semi-rigid
beam-column element, which includes a linear elastic stiffness matrix and a geometric stiffness matrix, which is used in
second-order analysis. Researchers such as Chan & Chui (2000) [5], Chen (2000) [14], and Xu (2001) [11] have
employed this method.

Third method: This approach adjusts the rotation angle of the beam ends in the slope-deflection expression of the
FR double-ended beam-column element, without relative horizontal displacement between the ends, to consider the
presence of a semi-rigid connection and relative horizontal displacement between the ends. According to Bazant &
Cedolin (2010) [15], the slope-deflection expression represents the moment-rotation angle relationship (when there is
no relative horizontal displacement between the ends) at the two ends of the beam-column element, with parameters
defined as stability functions located in a square matrix of size 2°2, as introduced by James (1935), in work related to
the moment distribution method. Chen & Lui (1987) [2] divided frame elements into two types: semi-rigid beam-column
elements and double-end FR column elements. The stiffness matrix of the semi-rigid beam-column element, whose
coefficients are stability functions, is established considering the effects of both the semi-rigid connection and relative
horizontal displacement between ends. When the effect of longitudinal force in this matrix is ignored, the stiffness matrix
of the semi-rigid beam element is obtained. The stiffness matrix of the column element with two FR ends, whose
coefficients are stability stiffness functions, is established to consider only the relative horizontal displacement of the
ends without considering the influence of semi-rigid connections. The stability stiffness functions are complicated when
they must be divided into two forms: the trigonometric functions for compressive axial force and the hyperbolic
functions for tensile axial force. When the axial force is small (close to zero), the stability stiffness functions may become
numerically unstable. The general method to handle transcendental functions in such cases is to expand them in series
form, retaining the first two or three terms to return to the polynomial functions. This method was established by Chen
& Lui (1987) [2], and it has been published in many documents. It is widely used in design guidelines according to
American standards and cited by many authors in their research. These researchers include Dhillon & O'Malley il
(1999) [16], Kim & Choi (2001) [17], and Nguyen & Kim (2014) [18].

Fourth method: Similarly to Chen & Lui (1987) [2], but Quang (2012) [4] adjusted the rotation angle at beam ends
in the formula to represent the horizontal displacement function according to third-order Hermitian shape functions and
the nodal displacement vector of the beam element with both FR ends. This approach directly establishes the linear
elastic stiffness matrix, mass matrix, and equivalent nodal load vector of the semi-rigid beam-column element for elastic-
plastic analysis of semi-rigid steel frames. Although this method can be considered the fourth method for establishing
quantities for calculating semi-rigid frames, it has not yet established a geometric stiffness matrix for semi-rigid beam-
column elements, so it cannot be used in second-order analysis.

Thus, for second-order analysis of semi-rigid steel frames, the first method needs to add the geometric stiffness
matrix of the beam-column element with both FR ends. The second method needs to be based on the elastic stiffness
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matrix and geometric stiffness matrix of the FR double-ended beam-column element. The third method needs to be
based on the slope-deflection expression of the FR double-ended beam-column element. All these quantities must have
existed before. The fourth method also needs to be based on the bending shape functions of the FR double-end beam
element, and it has not yet established the geometric stiffness matrix for the semi-rigid beam-column element, so it
cannot be used in second-order analysis. Therefore, to independently and synchronously solve the process of building a
second-order analysis method for semi-rigid steel frames using the FEM, it is necessary to establish a displacement
function or shape function (interpolation function) for the semi-rigid beam-column element. The methods for setting
these functions are presented next.

Fifth method: Chan & Ho (1994) [19] expressed the horizontal displacement function (in the form of a third-order
polynomial) of an FR double-end beam element as a function of the axial displacement functions (first-order Lagrangian
interpolation function), the horizontal, and the rotational displacements of the beam ends. Next, using the spring
assembly method of Lui & Chen (1985) [12], where the rotation angle at the beam ends through the spring assembly
method is expressed in terms of the rotation angle at the beam end nodes, the bending stiffness of the beam, and the
stiffness of the connection. From there, the displacement function of the semi-rigid beam element is obtained.
Researchers who have used this approach include Chan (1994) [20], Chui & Chan (1997) [21], and Chan & Chui (2000)

[5].

Sixth method: Suarez et al. (1996) [22] adjusted the rotation angle at the beam end in the formula representing the
horizontal displacement function according to third-order Hermitian shape functions and the nodal displacement vector
of the FR double-end beam element, transforming and obtaining the displacement function of the semi-rigid beam
element. This displacement function is expressed in terms of the third-order Hermitian shape functions of the FR double-
end beam element, the stiffness of the element, and the stiffness of the connection. This approach is similar to the rotation
angle adjustment in the slope-deflection expression of Chen & Lui (1987) [2], but it is applied to the expression of the
horizontal displacement function. Researchers who have used this method include Senkulovic & Salatic (2001) [23],
Zohra & Nacer (2002) [24], and Salatic (2019) [25].

Seventh method: Developed in Yugoslavia, according to Zlatkov (2015) [26], this method was pioneered by
Mili¢evi¢ (1986) [27]. In this method, the fixity factor of the connection at each semi-rigid beam end is calculated as
the ratio between the actual rotation angle of the semi-rigid beam end and the rotation angle of the FR beam end. The
classical formulas of the first-order theoretical deformation method are used to calculate the rotation angles between the
chord and the tangents of the elastic line due to deformation caused by unit displacements placed at the nodes. This
rotation angle expression includes element length, fixity factor, and the moment due to unit displacement (expressed
through stiffness, element length, and stability functions according to second-order classical calculation theory) at the
beam ends. The horizontal displacement function is chosen as a third-order Hermitian polynomial with four parameters
as unknowns. Using the unit displacement method, where one displacement is set equal to a unit value while all the
remaining displacements are zero, a system of four equations is established from four boundary conditions to determine
the four unknown parameters of the semi-rigid beam element shape function, corresponding to the unit displacement
under consideration. This process is repeated sequentially for four displacements, including two linear displacements
and two rotational displacements, to obtain four shape functions of the semi-rigid beam element. Researchers using this
method include Zlatkov et al. (2011) [28] and Zlatkov et al. (2020) [29]. Similarly, Anh (2002) [30, 31] applied the unit
displacement method, the virtual work principle, and the shape function of a beam element with two rigid ends to
establish the stiffness matrices of a semi-rigid beam-column element. The established quantities were used in a second-
order analysis of semi-rigid frames with nodal rigid zones.

The two methods of establishing displacement functions of Chan & Ho (1994) [19] and Suarez et al. (1996) [22],
which basically correspond to the two methods for establishing semi-rigid beam-column elements, are spring assembly
(Lui & Chen (1985) [12], Xu (1992) [13]) and rotation angle correction [2]. The method of establishing shape functions
of Milicevi¢ (1986) [27] is characterized by the fact that the constructed shape functions are quite cumbersome and still
depend on the stability function of the beam-column element. Second-order analysis of semi-rigid steel frames is still a
new field, attracting many researchers, including Nguyen et al. (2021) [32], Dang et al. (2023) [33], and Souza &
Verdade (2024) [34]. Some authors have explored novel research directions. For example, Saadi et al. (2021) [35]
established seismic fragility curves to assess the performance of semi-rigid connections in steel frames; Genovese &
Sofi (2024) [36] developed an interval stiffness matrix for analyzing steel frames with uncertain semi-rigid connections;
and Jough & Soori (2024) [37] investigated the effect of semi-rigid connections in steel frame structures during
progressive collapse.

This article presents a novel approach that establishes shape functions for a semi-rigid beam-column element directly
from the element's geometric characteristics and the stiffness of its semi-rigid connections. The obtained functional
formulas of the semi-rigid beam-column element are pure polynomials with parameters built in a simple, coherent, and
easy-to-use manner. The shape functions of semi-rigid beam-column elements are fundamental for calculating quantities
for second-order analysis of semi-rigid steel frames according to FEM. The present study contributes to FEM by
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providing these shape functions. Because the shape function formula is a polynomial, similar to the approach of
Przemieniecki (1968) [38] for beam-column elements with two rigid ends, the linear elastic stiffness matrix, geometric
stiffness matrix, and equilibrium equation of a semi-rigid beam-column element in a local coordinate system are also
derived by applying Castigliano's theorem (Part 1) to the elastic deformation potential energy expression. The equivalent
nodal load vector of a semi-rigid beam element is obtained from the same formula as for the equivalent nodal load vector
of a beam element with both FR ends according to FEM.

2. Establishing the Semi-rigid Beam-column Element Stiffness Matrix
2.1. Establishing the Shape Function of Semi-Rigid Beam-Column Element

Consider a beam-column element e, where the connections at the ends A and B are elastic rotational springs,
forming a semi-rigid beam-column element. The local coordinate system Oxy has the x-axis coincident with the
longitudinal axis of the element, the y-axis perpendicular to the element’s longitudinal axis and pointing upward, with
the origin of coordinates at end A. The symbols 4, I, L, and E represent the cross-sectional area, moment of inertia,
length, and elastic modulus of the material, respectively. In the i*" loading step, the symbols N, Q,, and M, represent
the longitudinal force (in the x-axis direction), shear force (in the y-axis direction), and bending moment (rotation around
the z-axis) at end A, respectively, and similarly for Ng, Qg, and My at end B.

The displacements uy, v4, and ug, vy represent the axial and horizontal (or vertical) displacements of node A and
node B, respectively. The rotational displacements around the z-axis of the frame nodes at A and B are denoted by 6,
and 65, while 6,4 and 6,5 are the rotation angles at the beam ends. The connection rotational angles at node A and B
are denoted as 8.4 and 6.5, respectively. The rotational stiffnesses of the connections at nodes A and B are denoted by
k4 and kg, respectively.

Figure 1 illustrates the kinematic relationship between displacement, internal force, and deformation of an element
with a semi-rigid connection. Assuming the semi-rigid connection has no dimensions and neglecting the effects of axial
and shear forces on the connection’s operation, the element material is considered linearly elastic, the beam follows the
Euler-Bernoulli model, and the connection’s moment-rotation relationship can be linear, multi-linear, or non-linear.

Figure 1. Semi-rigid beam-column element
The nodal displacement vector of the et® element, at the i*" loading step, in the local coordinate system is:

{0Je={ua va 6O up vg Bep}” 1)

To establish the stiffness matrices for the semi-rigid beam-column element, shape functions must be developed
considering the stiffness of the connections at both ends. Let the cross-section at position x from end A has three
displacement components: axial displacement u,, horizontal displacement v,, and rotational displacement 6,.. The

. R . d . .
rotational and horizontal displacement are related 6, = %, thus, u,, and v, are selected as representative displacement
functions.

Assuming a polynomial displacement function. For axial load element, each node of the element has one degree of
freedom, giving the entire element two degrees of freedom, so the displacement function u, has two parameters a, and
a,. The displacement function polynomial is selected as a first-order form. For bending element, each node has two
degrees of freedom, so the displacement function v, has four parameters a5, a,, as, and a,. The displacement function
polynomial is chosen as a third-order Hermitian function. The vector of displacement functions is given by:

ux}z{a1+a2x }_ 1 x 0 0 0 O

= = a, a, a; a, as ag\’ 2
tul {Vx as+ax+asx?+agx®) o0 01 x x? x3]{1 2 93 G4 5 O} @
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According to the differential relationship, the rotation displacement function can be calculated as follows:
0, = vy = a4 + 2asx + 3agx? )

Combining with the differential equation for deflection, obtaining the moment function M, :

i% = v, = 2as + 6a,x 4)
Atend A, x = 0:

M(x = 0) = M, = —2EIa; ®)
Atend B, x = L:

M(x = L) = My = 2Ela; + 6EILa, (6)

The rotation angle at nodes A and B can be written as:

04 =0p0+ 04 =04 +%
A

(7)
Op = 0cp + 0.5 = 0,5 +IZ_:

Substituting M, and My in Equations 5 and 6 into Equation 7, the expressions for the rotation angles at ends become:

2EI
HeA = HA + —dg
ka

2EI 6EIL (8)

Ocp = Op _gas . Qe

Boundary conditions at the ends of the element are then applied:

Uy =ulx=0)=a;

UAEU(X=0)=a3
2EI
0.0 =60(x =0) =0, +Ea5 =a,

<uBEu(x=L)=a1+a2L ©)
vy =v(x = L) = az + a,L + agl? + agl?
0os =0(x=1) =05 —Za; — L a, = a, + 2asL + 3a,l?
kg kg
Arranging and simplifying Equation 9, it takes the form:
uA = a1
17A = a3
GA = a4 — Eas
ka
ug =a, +a,lL (10)
vp = az + a4l + asl? + agl®
2
0, = a, + 2(Lkg+EI) as + 3(L ki;-ZEIL) o
Write Equation 10 in matrix form:
1 0 0 O 0 0
0010 0 0 Zl
2EI 2
0 0 01 N 0 a5
{6s}e = 1L 0 0 0 0 a, = [Cl{a} (11)
00 1 L I 3 las
2(Lkg+ED)  3(L%kp+2EIL) | \ g
0 0 0 1 . p 6
In Equation 2, we have the symbol:
1 x 0 0 0 O
XCol = [0 0 1 x x2 x3] (12)

here [C] is the constant matrix and [X (x)] is a matrix of monomials.
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In the FEM, takes the formula:

M0 0 N(x) 0 0

WEI=K®IET =177 e mw 00 M@ M) -

Performing the calculation of the inverse matrix [C]™1, and substituting Equation 12 into Equation 13, we obtain the
shape functional equations as follows:
X

Ni(x) =1-7 No(x) =7

L

Ny(x) = 1— 6XEI(2EI+Lkg) _ 3x2(2EI+Lkg)k4 2x3(Elkg+Elkg+Lk 2kp)

2 - L(12E2I2+4EILkp+4EILkg+L%kakp)  L(12E2124+4EILkp+4EILkg+L2kskp) = L2(12E2I2+4EILk o+4EILkp+L%k ok p)
Ny (x) = XL(4EI+Lkp)k 4 2x2(3EI+Lkp)ka x3(2EI+Lkg)ky4

3 T 12E21244EILkg+4EILkg+L2kakp  12E2I2+A4EILkg+4EILkg+L2kakg =~ L(12E212+4EILk 4 +AEILkg+L2k 4kp) (14)
Ne(x) = 6xEI(2EI+Lkp) 3x2(2EI+Lkp)k4 2x3(EIkg+EIkg+Lkskg)

5 T L(12E212+4EILk g+4EILkg+L2kakg) = L(12E2I12+4EILkg+4EILkg+L2kakp)  L2(12E2I2+4EILk 4 +4EILkp+L%k 4k )

2xLEIkp x?Lkakp n x3(2EI+Lk)kp
12E212+4EILk p\+4EILkg+L%kokp ~ 12E212+4EILkp+4EILkg+L2kakp  L(12E2I12+4EILkg+4EILkp+L%k 4kB)

Ng(x) =

In each loading step, the stiffness of connection, length, as well as the geometric characteristics and material
properties of the element remain unchanged. The following terms are established for convenience of calculation:

k kp)k
dy = 12E2I? + 4EILky + 4EILky + Lkyhp, dy = 2R g, — ELER)n
0 (]
__ 2(EIkp+Elkp+Lkpkp) _ L(4EI+Lkp)ka _ 2(3EI+Lkp)ky _ 2LElkp
d3 - 12d, ' d4— - do ' dS - do ) d6 - do (15)
d7 — LkAkB’ d8 — (2EI+Lkp)kp
do Ldgy

Substituting Equation 15 into Equation 14, formulas of shape function written in shortened form are obtained as
follows:

Ni(x)=1- f, Ny(x) = 1—dyx — 3dyx? + d3x3, N3(x) = dyx — dsx? + dpx3, Ny(x) = f
(16)
N5(x) = dyx + 3d,x? — d3x3, Ng(x) = —dgx — d;x? + dgx®

In Equation 16, the shape functions of the axial displacement N, (x) and N, (x) are linear Lagrangian functions as
for normal tension or compression element; and the shape functions of the horizontal displacement N,(x), N5(x),
N:(x), and Ng(x) have a similar form to the third-order Hermitian shape functions of a bending element with both FR
ends, but there are differences due to the semi-rigid connection at the two ends.

2.2. Method for Establishing Stiffness Matrix and Equilibrium Equation of Semi-Rigid Beam-Column Element

The stiffness matrix of a semi-rigid beam-column element, including both the linear elastic stiffness matrix and the
geometric stiffness matrix, is established from the deformation potential energy expression of the semi-rigid beam-
column element U; .. Using the Green strain tensor in the Lagrangian coordinate system, and ignoring the influence of
shear deformation, the axial principal deformation combination &, (including principal deformation due to bending) is
expressed as follows:

_duy  9%vy 1 (dvy\2
B =52 =52y +5(3) (17)

Substituting Equation 17 into the expression for the deformation potential energy of the element, expanding and

ignoring higher-order terms, obtaining the following formula:
EA (L (9uy)2 EI oL (9%vy)\2 1 EA L duy (0vy)2
Use =2 [ (32) dx + 5 ) (52) dx +3 (kaOZ + ka2) + = [; 2% (2%) dx (18)

2 70 \ ax 2 70 \ 9x2 0 9x \ax

Here, the first two terms in formula 18 represent the linear elastic deformation potential energy of the element itself,
while the third term represents the linear elastic deformation potential energy at the connection at both ends of element,
and the fourth term contributes to the nonlinear strain potential energy of the element.

The linear elastic stiffness matrix is established from the linear elastic deformation potential of the element itself:

Upge = 24 [ (2) ax + 2 2 (22%) (19)

2 Jo \ ax 2 70 \ 9x2

and from the linear elastic deformation potential energy of the connections at ends A and B:
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1 1
Ucse = EkAGCZA + EkBQCZB (20)
The geometric stiffness matrix is established from the nonlinear deformation potential energy of the element:

EA (L Ouy [0vy 2
Up-pse = J, E(E) dx (21)

Equation 18 is written as:

Us,e = UEs,e + UCS,e + UP—Ds,e = UL—Es,e + UP—Ds,e (22)
wherein:
UL—Es,e = UEs,e + UCs,e (23)

Equation 23 represents the linear elastic deformation potential energy of the element, including the elastic potential
energy of the element itself, and the elastic potential energy of the connections.

Let {P,}. be the nodal load vector in the local coordinate system, [k, _g]. be the linear elastic stiffness matrix, and
[kgs]e be the geometric stiffness matrix of semi-rigid beam-column element. By applying Castigliano's theorem (Part
1), obtaining the relationship between load, deformation potential energy, and displacement of et" element:

Be = 522 = (sl + [kesl )83 = [kso (6.3 (24)
Or in shortened form, having the equilibrium equation of the e* element in the local coordinate system:

{PYe = [ksle{0s3e (25)
Here,

[ksle = [kp-gsle + [kgsle (26)

represents stiffness matrix of the element with two semi-rigid connection ends, there:
[kL—Es]e = [kEs]e + [kCS]e (27)
with [kg]. and [k¢,]. are the linear elastic stiffness matrix of the element itself and the linear elastic stiffness matrix of

the connections, respectively.

In FEM, the distribution of displacements in the element is represented through the shape function and nodal
displacement vector as follows:

{we v3" = NGNS (28)
Substituting the shape functions from formula 16 into 28, the nodal displacement vector takes the form:
Uy
{vx} =
[1 - 0 0
L

0 0 « (29)
0 1—dyx—3dx?+d3x3 dyx —dsx? + dyx3

dlx + 3d2x2 - d3x3 _d6x - d7x2 + d8x3

O IR

{ua va Ben up vp B}

Expanding and calculating the partial derivatives in Equation 29, obtaining the following expressions:

Uy 1

B L) (30

% = (—dy — 6dyx + 3d3x?)v, + (dy — 2dsx + 3dx2)04 + (dy + 6dyx — 3d3xH)vg + (—dg — 2d7x + 3dgx?)0.p (31)
2

OV — (—6d, + 6dsx)v, + (—2ds + 6d,x)0.4 + (6dy — 6d3x)v + (—2d; + 6dgx)0,p (32)

ax2
The stiffness matrices are further elaborated in the next section.
2.3. Establishing the Linear Elastic Stiffness Matrix Formula

The linear elastic stiffness matrix is determined by the formula:

61};% = [kL—ES]e{é‘s}e = ([kEs]e + [sz]e){é‘s}e = [kEs]e{as}e + [sz]e{as}e (33)
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Or in expanded form for the linear elastic stiffness matrix of the element itself:

O0UEs, dUEs, dUEs, dUEs, OUEs, OUEs, T
{ S,e S,e S,e S,e S,e SE} — [kES]e{6S}e (34)
6uA aUA aeeA 6u3 aUB a@eB

And similarly for the linear elastic stiffness matrix of the connections:

aUCs,e aUCs,e aU(Js,e aU(Js,e aUCs,e aUCs,e T _

{ dugy vy 004 oup avp ageB} - [kCS]e{65}€ (35)

To calculate the elastic deformation potential energy of the element itself, substitute Equations 30 and 32 into 19,
and integral, obtaining the following expressions:

[(36d2L — 36d,dsL? + 12d2L3)v? + (12d2L° — 12d,dsL? + 4d2L)62,]

+(36d2L — 36d,d5L? + 12d213)v2

+(4d2L — 12d,dgL? + 12d213)62,

+(=36d212 + 24d,ds L3 + 24dydsL — 12d3dsL2) 1404

Upse = 2 (uF = 2ugup +uB) + = | +(=72d3L + 72d,d5 1% — 24d31%)v4vp (36)
+(24d,d, L — 36dydgl? — 12dsd, L2 + 24ddgl) 0405

+(36d212 — 24d,ds 12 — 24dydsL + 12d5dsl?)0, 45

+(=12d,d,L? + 24d,dgL® + 8dsd,L — 12d5dgl?)0,40,5

[ -+(—24d,d, L + 36d,dgl? + 12dsd, L2 — 24d3dgL?)v50,5

Next, calculating the elastic deformation potential energy in the connection according to Equation 20.
From Equation 32, at x = 0

%y
9x2

M, = —EI12% = 6Eld,v, + 2E1ds0,, — 6Eldyvg + 2E1d;0,p (37)

The moment and rotation angle in the connection at end A are determined by the formula:
My =ky0c4 (38)

Substituting Equation 38 into Equation 37, the rotation angle in the connection at end A can be calculated as:

_ 2EI
=

Oca (Bd,vy + dsb.4 — 3dyvp + dy0,5) (39)

From Equation 32, at x = L:

%vy
axz

MB = EI EI[(_6d2 + 6d3L)UA + (_st + 6d2L)geA + (6d2 - 6d3L)UB + (_2d7 + 6d8L)geB] (40)

The moment and rotation angle in the connection at end B are determined by the formula:
MB = kBecB (41)

Substituting Equation 41 into Equation 40, the rotation angle in the connection at end B can be calculated as:

8CB = % [(_6d2 + 6d3L)UA + (_st + 6d2L)6eA + (6d2 - 6d3L)UB + (_2d7 + 6d8L)9€B] (42)

Simplify the displacement coefficients in Equation 42, and determine:

de = 2(3EI+Lkg)kp 43
9

do
Substituting Equation 43 into Equation 42, getting the rotation angle formula in the connection at end B:

2EI
Ocp = g(3dst + d70.4 — 3dgvp + dob,p) (44)
Substituting Equations 39 and 44 into Equation 20, expanding and grouping according to each type of transposition:
UCS,E = ZEZIZ [é (3d2UA + dseeA - 3d2UB + d7663)2 + é (3d8UA + d799A - 3d8vB + dggeB)z] (45)

Expanding Equation 45, obtaining the following expressions:
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(G5Bt + (EviDon+ GE+5Dup+ (E+Dos |
A B A B
2
UCs,e = 2E?]? | + (—612‘;5 + —61173(13) UAHeA - (12j2 + liis) V4V + (—GiZA(h + 6?::19) AHEB | (46)
[‘ (e 2 O + (57 + L) e — (S + 222 BGeBJ
ka kp ka kp ka

The linear elastic stiffness matrix of the semi-rigid beam-column element itself is obtained by substituting Equation

36 into Equation 34:
[kl 0 0 kit 0 0]
0 kgl kg 0 kgl kg

3,2 3,3 3,5 3,6
0 kEs kEs 0 kEs kEs

[kES]e = kg? 0 0 kg‘;. 0 0 (47)
0 kg ks O kg kgy
L0 kg kg 0 kg kgl

wherein:

kgt =20 kgt = kgt = =25 kgt = 25 k22 = 12E1(3d3L — 3dydsl? + d3L?)

kZ2 = k3?2 = 6EI(=3d3L% + 2d,d3 L3 + 2d,dsL — dydsL?), k22 = kp? = —12E1(3d5L — 3d,d3L? + d31°)
Kz = kg? = 6E1(2dyd, L — 3d,dgl? — d3d, 1% + 2d5dgL?), ky? = 4EI(3d3L° — 3d,dsL? + d2L)

k3> = k22 = —6EI(—3d3L? + 2d,d;1? + 2d,dsL — dsdsL?)

k3 = kg2 = 2E1(=3d,d,1? + 6d,dgL? + 2dsd, L — 3dsdgl?), kp? = 12EI(3d3L — 3d,d3 L% + d3L?)

ky = k&2 = —6EI(2d,d,L — 3dydgl? — d3d,L? + 2d3dgl?), ko = 4EI(d3L — 3d,dgl? + 3d3L%)

The linear elastic stiffness matrix of the semi-rigid connection at both ends of element eth is obtained by substituting
Equation 46 into Equation 35:

0 0 0 0 O 0

0 KEKE 0 KE K
G _|0 KRS0 KSR

0 0 0 0 O 0

0 KK 0 K K

0 ke? ke 0 kgl ke
wherein:

2 2
2 = 3erere (4 )

KE = I = 12B21 (222 4 %)

2 2
ke = kg = 36521 (2 +12)

ke = kg = 126217 (22 4+ 2)

2
kSE = 4E2]2 (Z—i +2)

ke = 13 = —126712 (1 4 %)

36 6.3 dsd d,d.
k28 = k&3 = 4E2I? (ﬁ+ﬂ)
ka kp

2 2
ke = 366712 (2 +2)
B

kg = kS = —12717 (%22 4 o)

kee = g2 (2 4 %)

ka kg
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>kifEs 0 0 kifEs 0 0 ]
2,2 2,3 2,5 2,6
0 kL—Es kL—Es 0 kL—Es kL—Es
3,2 3,3 3,5 3,6
k _ 0 kL—Es kL—Es 0 kL—Es kL—Es 49
[ L—Es]e - 4,1 4,4 ( )
kg 0 0 kg 0 0
52 53 5,5 5,6
0 kL—Es kL—Es 0 kL—Es kL—Es
6,2 6,3 6,5 6,6
L 0 kL—Es kL—Es 0 kL—Es kL—Es—

wherein: k" = kX + ki, withn =1+ 6andk = 1+ 6.

A special case of the linear elastic stiffness matrix of a semi-rigid beam-column element is when the semi-rigid
connections are pin (stiffness approaching zero), or FR (fully rigid, stiffness approaching infinity). Thus, there are four
special cases, including: both ends are FR connections; one end is FR, and the other is a pin connection; one end is a pin
connection, and the other is a FR connection; or both ends are pin connections. To calculate the special cases, the limits
of the matrix terms in Equation 49 need to be determined. The calculation results are given in Table 1.

Table 1. Terms of the linear elastic stiffness matrix of semi-rigid beam-column element in special cases

Compiling Table 1 into a matrix, for each special case, as follows:

Matrix term Both ends FR End AFR,end B pin EndApin,end BFR  Both ends pin

Ueigsle ko ookg =0 ey = o0 kp =0 ki=0ky >0 ky—>0,ky >0
K22 = o 3 .
K ks = 3 0 .
K e, 2 3 s .
S k2 ? 0 ? .
s = 31 0 .
3 = = 0 .
S ks ? 0 . .
[ e 3 gl .
kS ks = 0 s .
kS, = 0 £l .

¢ Element with both ends are FR connections:

[ % 0 0o - % 0 0
12EI 6EI 12E1 6EI
o = = v == =
0 SEL AL B 2E
[ki-gsle = o k v L (50)
o -2 0 o = 0 0
12E1 6EI 12E1 6EI
O - = ° = =
6EI 2E1 6EI 4EI
Lo = T 0 - T
e Element with end A is FR connection, and end B is pin connection:
[ EL—A 0 0 —% 0 0]
3EI 3EI 3EI
0 = = 0 -0
3EI 3EI 3EI
kele=| © = = © ~& 0 (51)
) o 2 o0 o
L L
3EI 3EI 3EI
- = 0 =0
L 0 0 0 0 0 ol
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e Element with end A is pin connection, and end B is FR connection:

[ 0 0 -2 0 0 ]
3EI 3EI 3EI
o = 00 -5 =
0 0 0 0 0 0
[kL—Es]e= _i_A 0 0 % 0 0 (52)
3EI 3EI 3EI
A
3EI 3EI 3EI
! 7z 0 0 -5 T
¢ Element with both ends are pin connections:
[Z 0 0 =22 0 0]
0 00 0 00O
0 0 0 0 0 0
[ky_gs] (53)
TEETI-E 0 0 20 o
|l0 00 0 O OJl
0 0 0 0 0 0

These established special cases are correspondingly equal to the linear elastic stiffness matrices of element whose
connections at the ends are FR or pin, in FEM.

2.4. Establishing the Geometric Stiffness Matrix Formula

The linear elastic stiffness matrix is determined by the formula:

dUp—ps,
36 2 = [st]e{gs}e (54)
N
Or, in an expanded form:
0Up_pse OUp—pse OUp—pse OUp—pse OUp—pse OUp—Dse T _
{ dug vy 00e4 dup dvg 30.p } - [st]e{as}e (55)

Substitute Equations 30 and 31 into Equation 21 and integrate
ﬂ
2L
[+ (d3L + 6dyd, 12 — 2dyd3 L3 + 12d3L3 — 9d,dsL* + 2 d31°) v}
+ (2315 + 2dydyL? — 3d,dsL* + d3L — 2d,dsL? + §d§L3) 62,

Up_pse = (up —uy)

d2L + 6dyd,L2 — 2d,d3 L3 + 12d21° — 9d,dsL* + gdgLS) v2
2L+ 2dgd,L? — 2dgdgL? + S d3L% — 3d;dgL* + gdgLs) 62,
—2d,d,13 — 2d,d,L + 2d,dsL? — 9d3L* + §d2d3L5 — 6d,d, L2 + 8d,ds13 + 2dsd, L3 — 3d3d5L4) V4004 (56)
—2d}L — 12d,d,L? + 4dyd3 L} — 24d3L° + 18d,dsL* — 2 d3L%) vuvp

2dydgL + 2dyd; L2 — 2d,dgl? + 6dydgL? + 8dyd, L3 — 9dydgLt — 2d3dgL? — 3dad,L* + §d3d8L5) V4005
2d1d, L7 + 2dyd,L — 2dyds1? + 9d3L* — 2 dyds 1P + 6d,d417 — 8d,dsL? — 2d3d, L7 + 3d3d5L4) BosVp

(
(
(
(
(
(
(
(

~2d,dgl? — 3dpdyL* + 2 dydgl® + 2d4dgl — 2d,4d, L7 + 2d4dgL? + 2d5dgl? + S dsd, 1P — 3d5d8L4) 00nOep

|+ (—2d1dsL — 2dyd, L2 + 2dy dgl? — 6d,dgl? — 8d,d, L3 + 9dydgl + 2ddgl? + 3dydyL* — 2 dydgl®) vp0cp |
to determine the nonlinear deformation potential energy.

In calculating the geometric stiffness matrix, consider the axial force in the element to be constant, and have the
following value:

N == (ug — uy) (57)

The geometric stiffness matrix of the semi-rigid beam-column element is obtained by substituting Equation 57 into
Equation 56, and continue substituting into Equation 55:
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0 0 0 0 0 0
0 kg kid 0 ki ki
e, =n|0 For Ke O kel kgs (58)
|0 0 0 0 0 0 |
[0 ket kgs O kgy kaJ
0 kg kgd 0 ki ks

wherein:
k2% = d2L + 6d,d,L2 — 2d,d5L? + 12d21% — 9d,d,L* + §d§L5
K23 = k32 = (—d1d2L3 — dydyL + dydgL? = 2d2L + 2dydyL° — 3d,dy L7 + 4dyds P + dyd, P — §d3d5L4)
ks = kg? = —d?L — 6d,dyL? + 2dyd3L? — 12313 + 9dydsL* — 2 d3 L5
K26 = k5?2 = (dldGL +dydy L% — dydgl® + 3d,dgL? + 4dyd, L3 — ;dzdSL“ — dadgL3 — §d3d7L4 + §d3dsL5)
kg = 2d3L5 + 2d,dy 12 — 3dydsL* + d3L — 2d,dsI? + 2 d2L?
K35 = k33 = (d1d2L3 + dydyL — dydsl? + 2 d3L* = 2dyds 1P + 3dyd, L2 — 4dydsL? — dyd,L? + §d3d5L4)
K38 = kGE = (—dpdol? —2dydyL* +2dydgl’ + dydsl — dyd, L? + dydgl? + dsdL? + 5 dsd, L — 2 dgdgl*)
k3% = d?L + 6dydy12 — 2dyd3L® + 12d213 — 9d,d;L* + §d§L5
kS = kS5 = (—dldGL — dydy 12 + dydgL? — 3dydgl? — 4dyd; 1P + 2 dydgL® + ddgld + 2 dydyL* — §d3d8L5)
k§? = d2L + 2dgdy L? — 2dgdgL® + 5 d213 — 3d;dgL* + 2 d3L

Similarly, the linear elastic stiffness matrix, special cases of the geometric stiffness matrix are obtained by finding
the limits of the matrix terms in Equation 58. The calculation results are in Table 2 as follows:

Table 2. Terms of the geometric stiffness matrix of semi-rigid beam-column element in a particular case

Matrix term Both ends FR End AFR,endBpin End A pin, End BFR  Both ends pin

[kgsle ky = o, kg = ky— 0, kg =0 ky—=0,kg > 0 ky—0,kg >0
22 6 6 6 1
Gs 5L 5L 5L L
1 1
ke kel 0 3 0 0
6 6 6 1
2,5 52 _ _ _ _ -
ks kas 5L 5L 5L
1 1
kes kos I 0 3 0
2L L
k32 = = 0 0
Gs 15 5
1 1
k&S, ks 1o -3 0 0
3,6 6,3 L
K30, kS ~30 0 0 0
s 3 3 5 !
Gs 5L 5L 5L L
1 1
ke kgs T 0 —5 0
2L L
kS = 0 l 0
Gs 15 5

Compiling Table 2 into a matrix, for each special case, as follows:

- Element with both ends are FR connections:
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0 0 0 0 0 0 7
6 1 6 1
O % w0 T o
1 2L 1 L
kol =n|0 © 5 0 T Tl
asle=Nlg 0 0 0 o o0 (59)
0 -85 _1 o s _1
5L 10 5L 10
0 L _L o _1 2
o 10 30 10 15

0 0 0 0 0 O]
6 1 6
0 i 5 0 e 0
1 L 1
keelo=N|® 5 5 0 =5 0 (60)
0 0 0 0 0 0
5 _1.4 5
5L 5 5L
0 0 0 0 0 0

0 0 00 0 0fj
0o 2 o0 —= 1
5L 5L 5
0 0 00 O O
[kesle=Njo 0 0 0 0 0 (61)
0o -2 00 =2 -1
5L 5L 5
0o 2 o0 - %
5 5 5
- Element with both ends are pin connections:
0 0 00 0 O
0 2 00 -0
L L
0 0 00 0 O
0 -2 00 % o0
L L
0 0 00 0 O

The geometric stiffness matrix for the special case of a beam-column element with both FR ends coincides with the
geometric stiffness matrix according to Przemieniecki (1968) [38], McGuire et al. (2014) [39], Chen & Lui (1987) [2].
These stiffness matrices are used in analysis of frame structure with beam-column elements with FR or pin ends.

3. Establishing the Equivalent Nodal Load Vector for a Semi-rigid Beam-column Element

Consider a semi-rigid beam element subjected to uniformly distributed loads and concentrated loads as shown in
Figure 2. This section establishes the equivalent load vector converted to a node according to FEM in local coordinate
system.

yTMAqs MBG/S_:\ X Msp

V]
Mars N X
@P Ags Psas '?U (‘%PAPS T P Ps Ps'%/

TITTTTTTTT~a ox=ul

L L L L
1 ﬂ

)U:

-

Figure 2. The load on the semi-rigid beam element is converted to nodes

3.1. Uniformly Distributed Load

From Equation 16, in case of uniformly distributed load g(x) = g, as shown in Figure 2-a, the equivalent nodal load
vector {qu}e can be calculated according to the formula:

N, (x) [1—dyx — 3dyx? + d3x®]
_ (L T rL|N3(x) | dax —dsx? 4+ dyx®
Pacd, = a i INCI =0y I o | =001 gt 3,00 — e | (63
Ne(x) | —dgx — d7x? + dgx®
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Integrating the above expression, obtaining the equivalent nodal load vector:

2 4
[-85 - d,0% + 2=+ L]
| dpL* | d4l?  dsl® I

= T _ 4 2 3
{qu}e = {Pags Mags Ppqs Mpqs}i = CII a, 12 3 dsl? I

(64)
4
del? d,L3  dgl* J
2 3 +

4

e Element with both ends are FR connections:

(B} ={2 & @ _q_LZ}T
qs)e 2 12 2 12

Similarly, four special cases of uniformly distributed load vectors converted to nodes are determined as follows:

o Element with end A is FR connection, and end B is pin connection:

(65)

_ (5qL ql? 3qL T

B, =2 & F o (66)
o Element with end A is pin connection, and end B is FR connection:

_ (3qL 5qL a\’
(o), =5 0 % -1 (67)
- Element with both ends are pin connections:
_ (4L qL T
(R, ={5 0 & o

(68)
3.2. Concentrated Load Inside the Element
From Equation 16, in case of concentrated load P at location x = uL as shown in Figure 2-b, the equivalent nodal
load vector {Pp.}, can be calculated according to the formula:
[Nz (HL)—l [1 - dll,lL - 3d2H2L2 + d3H3L3_I
N3 (ulL) dupl — dsp?l? + dyu13
p.Y ={P M 3 = 69
Prode = tFars Mars N (uL) dipl + 3dop® L2 — dap® 12 ©)
lNe (ML)J l

_dﬁﬂL - d7H2L2 + d8M3L3
Similarly, four special cases of concentrated load vector converted to nodes are as follows:
o Element with both ends are FR connections:

Pgps MBPS}E = P[N(x)]T =P

{Ppste = P2p® = 3p® +1 LW —2u* +p) —2p® + 3p°

L(u® — >} (70)
o Element with end A is FR connection, and end B is pin connection:
_pfed  3u? p3 3p? w3 | 3u? T
Prde =PG4 L(5-%vn) -5+ o) (7)
e Element with end A is pin connection, and end B is FR connection:
_pfed 3w p3 3u A
Prste=P{-F+1 0 -S4 % 1(5-0) (72)
o Element with both ends are pin connections:
{Pps}e =P{1—p 0 p 0}7

(73)
Let {Pj}e be the concentrated load vector located at the nodes in the local coordinate system. The nodal load vector

3.3. Equivalent Load Vector Converted to A Node of Semi-Rigid Beam-Column Element
of a semi-rigid beam-column element in the local coordinate system {P,}, is calculated by the formula:
{P}e = {ﬁs}e + {P}}e

(74)
Here, {Fs}e is the vector of loads placed inside the nodal element (including evenly distributed load and concentrated
load) of the semi-rigid beam-column element, calculated according to the formula:
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{ﬁs}e = {qu}e + {Pps}e (75)

4. Set of Equilibrium Equation and Solution Method
4.1. Establishing the Set of Equilibrium Equations in Global Coordinate System

Because of the framework is made up of many different elements with different local coordinate systems, in
calculations it is necessary to return to the global coordinate system. The et" element in the global coordinate system
0'x'y’ has the nodal load vector, stiffness matrix and nodal displacement vector denoted {P/}., [kil., {6:}c
respectively. According to FEM, the relationship between load and displacement between two coordinate systems is
determined as follows:

{Pe = [T].{P3
{8s}e = [Tle{8s3e (76)

wherein, [T], is the coordinate transformation matrix, and is a square matrix, so it has orthogonal properties:
(712" = [T1¢ 7

Equation 76 can be rewritten as follows:

{P3e = TIP3
{{5§}e = [T12{5s}e (78)

Simultaneously, according to FEM, having the following formula:

[ksle = [T1Z ksl [T], (79)
Combining the element according to the FEM:

Zlksle{6}e = (P, (80)

In Equation 80, the sum sign is made according to the principles of structural combination according to FEM.
Applying the boundary conditions to Equation 80, determining the system of equilibrium equations of the entire
structural system in the global coordinate system:

(K165} = (7} (81)

Solving the system of Equation 81, obtaining the displacements and internal forces of the semi-rigid steel frame,
including the influence of the P-Delta effect.

4.2. The Method of Analyzing Semi-Rigid Steel Frames Considering the P-Delta Effect

The stiffness matrix in Equations 49 and 58 represents two nonlinear problems that need to be solved in the set of
equations, including nonlinearities in the connections (if any) and nonlinearities due to the secondary P-Delta effect.
Therefore, to solve Equation 81, one of several methods can be used, or a combination of nonlinear analysis methods
according to Chan & Chui (2000) [5] can be used.

The linear analysis method is applied when the connection has constant stiffness. When the connection has a
nonlinear model, use the pure incremental method, whereby the load is divided into many loading steps small enough
to meet the convergence conditions of the method. Next, in the consideration i** loading step, geometric nonlinear
analysis is conducted according to the direct iterative method, whereby the stiffness matrices (depending on the change
of longitudinal force) and internal forces are updated in each iterative calculation step, the convergence condition is met
when the longitudinal force is approximately equal between two consecutive calculation steps. After each loading step
ith, the stiffness matrix, internal forces and geometric changes of the frame will be updated to serve the (i + 1)t"
calculation step. In case the frame is subjected to cyclic loads, it is necessary to divide the load into even incremental
steps according to the amplitude and cycle of the load. The symbols n and Eps represent the number of loading steps
and and the limit variation of the axial force between two adjacent calculation steps, respectively. Similarly, the symbols
No, N1, and Nmax denote the axial force of the previous calculation, the axial force of the next calculation, and the axial
force of the element with the largest change in axial force value after each calculation step, respectively. A brief
flowchart of the methodology process is presented in Figure 3.
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Enter the data: discretization
diagram, materials, connections,
divide the load into n loading steps

No=0;Ni1=1;
Eps = 0.000001 : "
connection stiffhess

Save the calculation step
results, update the

Establishing the stiffness matrices,
equivalent nodal load vector, solve
the system of balanced equations,
find the internal force increment
No= Nl; N1 = Nmax

[ Present te results ]

+ |

Figure 3. The second-order static analysis of semi-rigid steel frame flowchart

5. Semi-rigid Connections Modeling

Although connections can be deformed in many different forms (e.g. axial, shear, bending and torsional), only
bending is considered. The behavior of the connection is expressed through the relationship between its moment and
rotation. To describe the behavior of connections, various mathematical formulas have been proposed. Many
experimental results have proven that the moment-rotation relationship is nonlinear. To simplify calculations, linear or
multilinear models can be used. In this article, linear model, three-parameter exponential model of Kishi-Chen (1990)
[40], and the four-parameter exponential model of Richard-Abbott (1975) [41] are used in Example 1, Example 2, and
Example 3, respectively.

The three-parameter power model proposed by Kishi-Chen (1990) [40], includes three parameters: initial connection
stiffness k,, ultimate connection moment capacity M,, and shape parameter n, as follows:

0\
[1+(5) ]
wherein, M and 6 are respectively the moment and rotation angle at the consideration loading step of connection; 6, =
M, /k, is reference plastic rotation, and the corresponding tangent stiffness of the connection is given by:

(82)

k==

w = mm (83)

[+ "

The four-parameter exponential model was proposed by Richard-Abbott (1975) [41], including four parameters:
initial stiffness k,, strain-hardening stiffness k,,, reference moment M, and parameter defining the sharpness of the
curve n. The formula of the model is as follows:

(ko—kp)l6I

M = T+ kp 0]
[1+ (ko}fé’)'e' "]” (84)
and the corresponding tangent stiffness of the connection is given by:
am (ko—kp)
a8 lj61=16] [1+ (RO_N',?)'G' n] n (85)
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6. Numerical Verification and Discussion

To validate the proposed method for establishing the shape function, stiffness matrices, and the equivalent nodal
load vector for semi-rigid beam-column element, a series of numerical examples are provided. These examples are
compared against published research results to verify accuracy and applicability.

6.1. Example 1 - Single-Span Two-Story Steel Frame with Linear Semi-Rigid Connection

The results of displacement and internal force of the two-story single-span steel frame in Figure 4 were calculated
and verified with the SAP2000 structural analysis program, Bhatti & Hingtgen (1995) [42], Dhillon & O’Malley III
(1999) [16] and Abolmaali & Choi (2004) [43]. Horizontal load H = 44.5 kN (100 kips), vertical load P = 444.8 kN
(100 kips). Frame elements are erected from W12 x 96 steel columns and W14 x 48 steel beams, A36 steel according
to AISC standards. Elastic modulus E = 199948.04 MPa (29000 ksi). The column bases are pin supports. The semi-
rigid column-beam connection has a stiffness of 88.889 kN.m/rad (786.732 kips. in/rad).

I
o

v,

(o] @)

(o]
3.658m |
{12 ft)

H J{ P P Jr N
3 ] e
A |~
Columns: W12x96 ﬁ =
Beams: W14x48
®‘&_\A36 Steel @)@(\AT
’ 6.096 m ]
’ (20 ft) 1

Figure 4. Single-span two-story frame with concentrated loads at the node

The programming was performed using Matlab software, the calculation results are summarized in table for
comparison and verification. The results of horizontal displacement calculations at nodes 3 and 5 during first-order
elastic analysis and second-order elastic analysis of a rigid frame are presented in Table 3, while the results of second-
order elastic analysis of a semi-rigid frame are shown in Table 5. The maximum bending moments in each element of
the frame are provided in Table 4 for first-order and second-order elastic analyses of rigid frames, and in Table 6 for
second-order elastic analysis of semi-rigid frames.

Table 3. Horizontal displacement of rigid frame (mm), Example 1

oo # elalzti?;—céif’gilgfder Rigid frame, elastic-second order
_Bhatti & Present SAP 2000 ) Bhatti & Dhillon & Abolmaali & Present (B-A)/(A)
Hingtgen [42] study Hingtgen [42] (A)  O’Malley III [16] Choi [43] study (B) (%)
3 257 25.6896 25.691 29.7 29.6 29.7 29.6890 -0.04%
5 383 38.3513 38.354 44.0 438 44.0 43.9818 -0.04%
Table 4. Maximum bending moment of rigid frame (kN.m), Example 1
Member elalztiigci-cli‘ig??fder Rigid frame, elastic-second order
# _Bhatti & Present SAP 2000 Bhatti & Hingtgen Dhillon & Abolmaali & Present (B-A)I(A)
Hingtgen [42] study [42] (A) O’Malley III [16] Choi [43] study (B) (%)

1 163.8 163.8852 187.17 186.9 186.8 187.1 187.1927 0.16%
2 80.3 80.3692 89.81 89.8 89.8 89.8 89.8144 0.02%
3 163.0 163.1010 189.57 189.5 189.4 189.5 189.5958 0.05%
4 162.4 162.4610 188.7 188.6 188.6 188.6 188.7185 0.06%
5 80.3 80.3224 89.76 89.7 89.7 89.7 89.7674 0.08%
6 80.3 80.3692 89.81 89.8 89.8 89.8 89.8144 0.02%
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Table 5. Horizontal displacement of semi-rigid frame (mm), Example 1

Semi-rigid frame, elastic-second order

Node #
SAP 2000 Bhatti & Hingtgen [42] (A) Dhillon & O’Malley III [16] Abolmaali & Choi [43] Presentstudy (B) (B-A)/(A) (%)
3 37.534 375 374 375 37.5378 0.10%
5 58.233 58.2 58.1 58.2 58.2318 0.05%

Table 6. Maximum bending moment of semi-rigid frame (kKN.m), Example 1

Semi-rigid frame, elastic-second order

Frame? SAP 2000 Bhatti & Hingtgen [42] (A) Dhillon & O’Malley III [16] Abolmaali & Choi [43] Present study (B) (B-A)/(A) (%)
1 184.86 184.6 184.6 184.8 184.9128 0.17%
2 101.93 101.9 101.9 101.9 101.9183 0.02%
3 196.55 196.5 196.4 196.5 196.5903 0.05%
4 195.67 195.6 195.5 195.7 195.6889 0.05%
5 101.89 101.9 101.9 101.8 101.8970 0.00%
6 101.93 101.9 101.9 101.9 101.9183 0.02%

Verification shows that the calculation results of the present study closely align with the results published in the
above references, particularly those by Bhatti & Hingtgen [42]. Thus, it can be seen that the proposed analysis method
according to the present theory is reliable.

6.2. Example 2 - Single-Span Two-Story Steel Frame with Nonlinear Semi-Rigid Connection

According to Chan & Chui [5], Stelmack (1982) [1] tested the behavior of a two-story single-span steel frame with
concentrated static load as shown in Figure 5. This steel frame was chosen as the benchmark frame for verification in
the study of Kim & Choi (2001) [17], and this study. Frame elements are erected from W12 x 96 steel columns and
W14 x 48 steel beams, A36 steel according to AISC standards. Elastic modulus E =199948.04 MPa (29000 ksi). The
column bases are pin supports. The semi-rigid beam-column connection is made of A325, 3/4 in bolts and A36, L4 X
4 x 1/2 in angle steel, at the upper and lower flanges of the beam. The concentrated load in gravity direction on the
first floor beam span P, = 10.68 kN (2.4 kips) was first applied at third points of the beam, and then two horizontal
loads act together, proportionally.

|

— ) ~

"A“
connection

2p lPl lPl N

All Members W5x16

1.676 m
(5.5 ft)

IC
!

1.676 m
(5.5 ft)

A36 Steel
4. 3x0914m(3:3ft) A
L L
1 1

2.743 m (9.0 ft)

Figure 5. Two-story, single-span frame with concentrated static load according to Stelmack's experiments

In Figure 6, the load-horizontal displacement curve (u) at the first floor almost coincides with the experimental
results of Stelmack (1982) [1]. In Figure 7, the moment-rotation curve in connection A is very close to the theoretical
calculation results obtained using Explicit Equations (the parameters of the semi-rigid connection model were calculated
according to the formula, depending on the type of semi-rigid connection) by Kim & Choi (2001) [17], and there is a
small degree of difference compared with the moment-rotation curve from the experiment. Thus, it can be seen that the
proposed calculation method according to the present theory is reliable.
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Figure 6. Comparison of the load-horizontal displacement curve u at the 1st story for verification study
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Figure 7. Comparison of the moment-rotation curve at A connection for verification study

The relationship between horizontal load P and horizontal displacement u at first story, and relationship between
moment-rotation at A connection are calculated and verified with the experiments of Stelmack (1982) [1], and Kim &
Choi (2001) [17]. The beam-column connections according to Kishi-Chen (1987) exponential model with three
parameters including: k, = 3373.16kN.m/rad (29855kips.in/rad), M, = 20.90kN.m (185kips.in), 7 =1.65
After programming with Matlab software, the calculation results are shown in Figures 6 and 7.

6.3. Example 3 - Single-Span Two-Story Steel Frame with Nonlinear Semi-Rigid Connection, Cyclic Loads

In this example, the two-story single-span steel frames with cyclic lateral load steel frame tested by Stelmack et
al. (1986) [44] was used for validation calculations. The structure of the frame is stated in Example 2. The frame is
subjected to cyclic lateral load with load increment equal to +4.45kN(+1.0kips) and increased up to
+22.24kN (+5.0kips). For the second story, the load is always one-half of the load at first story. Frame model,
cycle load history, experimental results and moment-rotation relationship curve in the connection according to the
Richard-Abbott model in Figure 8.

Calculation to verify the framework according to the experiments of Stelmack et al. (1986) [44], Chan & Chui (2000)
[5], and Valipour & Bradford (2013) [45]. The beam-column connections according to the Richard-Abbott (1975) [41]
exponential model with four parameters including: ko, = 2372.68kN.m/rad (21000kips.in/rad) , k, =
135.58kN.m/rad (1200kips.in/rad), My = 15.82kN.m (140kips.in), n = 1.8.
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Figure 8. Two-story, single-span frame with cyclic lateral load according to Stelmack's experiments

In the frame, each beam or column member is simulated with only one semi-rigid beam-column element as
established. After programming with Matlab software to calculate using the FEM, we obtained the analysis results as
follows: horizontal displacement curve u at the second-story and load P with cycle 2 and cycle 3 as shown in Figure 9,
the horizontal displacement curve u; at the first-story and the load P are as shown in Figure 10, and the moment-rotation
angle relationship curve in connection A is as shown in Figure 11. The total load application procedure is divided into
6,000 steps.

It can be observed in Figures 9 to 11 that the displacement and force responses obtained from the analysis of the
present theory show a strong correlation with the experimental results and the theoretical calculation results of other
authors. The results of the present theory are quite close to the experimental results. The discrepancy between the results
of the present theory and those of other studies may be due to the application of the semi-rigid connection behavior
model or the use of different computational programming techniques. The loading/unloading model can exert a local or
global effect on the frame structure subjected to cyclic loads. Thus, it can be seen that the proposed calculation method
based on the present theory is reliable.
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Figure 9. P-u Relationship
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7. Conclusions

This paper has presented a novel method for establishing the shape functions for semi-rigid beam-column element
in the second-order analysis of steel frames. The proposed method offers a comprehensive framework for developing
stiffness matrices that effectively account for both the P-Delta effect and the flexibility of semi-rigid connections. The
key findings and contributions of this study are summarized as follows:

1. Shape Function Development: The shape functions for semi-rigid beam-column element were derived based on
the geometric properties of the element and the stiffness of its connections. The resulting shape functions are
expressed as polynomials, facilitating straightforward calculation and implementation within the finite element
method (FEM).

2. Stiffness Matrices: The linear elastic stiffness matrix and the geometric stiffness matrix for semi-rigid beam-
column element were derived using Castigliano's theorem (Part 1). These matrices are crucial for accurate second-
order analysis, effectively capturing the influence of semi-rigid connections on the overall structural response.

3. Equivalent Nodal Load Vectors: The equivalent nodal load vectors for the semi-rigid beam-column element were
derived from the established shape functions and the FEM. These vectors are essential for calculating loads
applied to the element, converted to nodal forces in the analytical model.

4. Special Cases: The proposed method was successfully applied to special cases, including fully rigid (FR) and
pinned connections. The resulting stiffness matrices and equivalent nodal load vectors for these scenarios were
simplified, demonstrating the method's flexibility and applicability to various connection types.

5. Numerical Verification: The proposed method was validated through several numerical examples, investigating
steel frames with semi-rigid connections as benchmark cases. These frameworks, widely recognized for
validation, showed excellent agreement with analytical solutions, published research, and finite element analysis
(FEA) simulations, confirming the accuracy and robustness of the proposed approach.

6. Practical Applications: The method is well-suited for practical applications in structural engineering, particularly
in the design and analysis of steel frames with semi-rigid connections. By accounting for both the connection
flexibility and P-Delta effects, the proposed approach provides a more realistic and reliable analysis framework
for modern steel structures.

In conclusion, the new method for establishing shape functions and stiffness matrices for semi-rigid beam-column
element offers significant advantages in the second-order analysis of steel frames. Future research could explore further
applications of this method to more complex structural systems and the integration of non-linear material behavior.
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