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Abstract

This research examines the influence of truncation error reduction on the nonlinear dynamic analysis of complex framed
structures. A modified p -adaptive method, incorporating inertial and damping forces in addition to the common
restitutive forces, is introduced to refine the mesh and enhance accuracy. To address convergence challenges arising from
increased complexity, Ritz modal shapes are utilized to reconstruct the mass matrix, excluding detrimental modes. The
proposed formulation is validated through rigorous computational models and experimental data. Six building case
studies, varying in complexity, were analyzed using the modified p-adaptive method. The results revealed substantial
variations in frequency and displacement responses, ranging from 6% to 50% and 0.8% to 63%, respectively. These
disparities underscore the significant influence of nonlinear behavior on structures with high-order shape functions. The
proposed formulation is theoretically more accurate. Therefore, the findings emphasize the necessity of employing mesh
refinement techniques to obtain accurate nonlinear dynamic analysis results, particularly for complex structures with
pronounced nonlinear characteristics. This study contains the background of a software called MainModelingStr.

Keywords: Beam-Column Elements; High-Order Elements; Nonlinear Elements; p - adaptivity; Generalized Alpha Method,;
Dynamic Analysis.

1. Introduction

The potential for significant earthquake damage to buildings and infrastructure necessitates rigorous analysis of
complex structures. While studies on smaller experiments (plates subjected to static loads) have explored the benefits
of mesh refinement for reducing truncation error in simulations [1-4], the impact of this technique on complex buildings
under dynamic loads remains largely unexplored. The complexity of modeling such structures, coupled with increased
numerical instability and computational demands, has hindered in-depth investigations [5, 6]. This study aims to address
this gap by presenting a suitable mesh refinement method for the dynamic analysis of buildings and overcoming the
associated challenges.

The primary objective is to minimize truncation error by refining the mesh. This error arises from inconsistencies
between equilibrium-compatibility analysis and interpolation functions. Increasing the number of elements or the order
of interpolation functions can address this issue. However, modifying all elements introduces challenges such as
increased structural complexity, round-off error, and analysis time. To mitigate these effects, this study focuses on
increasing the order of interpolation functions rather than the number of elements. This approach is more effective in
reducing truncation errors while maintaining a manageable level of complexity [7].
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While a few studies have demonstrated the effectiveness of high-order beam-column elements, their application to
nonlinear transient dynamic analysis remains limited. For example, Eisentrager et al. [3] investigated the impact of
increasing polynomial order for element compatibility and shape functions in elastic systems under static forces. Bai et
al. [8] developed a nonlinear beam-column element with 16 degrees of freedom. Sharifnia [9] proposed a theory for
high-order elements to address large deformations, addressing a gap in the literature. This study aims to contribute to
this area by exploring the use of high-order beam-column elements for nonlinear transient dynamic analysis.

This study employs a finite element formulation that increases shape function order, leading to a corresponding
increase in degrees of freedom and structural complexity. To minimize complexity, the shape function order is modified
only for the most influential elements [10]. A p-adaptive method [11] is adapted for beam-column elements, building
upon previous applications to static loads or response spectrum methods [12]. To address dynamic analyses, the error
formulation for this p-adaptive method incorporates inertial and damping internal forces, which is different from other
studies. A significant challenge in this investigation was managing divergence problems in complex structures with
high-order elements while maintaining a competitive computational time.

The present study uses implicit algorithms for time-history analyses. In general, implicit algorithms for time-history
analyses are faster for large buildings than explicit algorithms since the last ones need to reduce the ground motion time
steps, increasing the analysis runtime. Moreover, explicit analyses might introduce a significant period error due to a
period elongation [13]. However, implicit integration algorithms sometimes have convergence problems [14, 15], which
is the following point to be addressed in this study.

Analyzing complex structures may lead to unexpected phenomena, particularly numerical instability [16, 17]. While
some researchers have interpreted numerical instability as a potential indicator of building collapse [18-20], it is actually
attributed to the numerical integration algorithm [21-24]. Numerous studies have focused on mitigating convergence
and numerical instability issues in dynamic analysis. For instance, Abuteir et al. [25] employed a reduced integration
scheme to address instability in functionally graded material plates, utilizing soft higher-order deformation modes. They
implemented an implicit time integration method combining the trapezoidal rule and Euler backward methods to handle
nonlinearities. However, this method can fall into the hourglass mode phenomenon. Other researchers, such as Song et
al. [26] and Ji & Xing [27], have developed time integration schemes based on a state space formulation. However, state
space-based approaches can lead to the state space explosion problem in complex structures, potentially resulting in
inaccurate results. The state space explosion occurs when the number of possible states in a system grows exponentially,
exceeding computational memory limits [28]. While high-order accuracy methods offer advantages [29], they often
require more computational time than second-order methods, particularly for complex structures [26]. Generalized alpha
approaches, on the other hand, provide faster performance and can reduce spurious frequencies that may cause system
divergence. Nevertheless, they may not guarantee energy-momentum conservation, potentially leading to instability
[30]. Considering these factors, the present study adopts a generalized alpha method due to its speed and efficiency.
Since numerical instabilities can still occur, as shown in the following sections, additional spurious vibrations will be
eliminated by limiting no necessary modal shapes reconstructing the mass matrix using Ritz modes.

In summary, this research aims to reduce intrinsic errors in dynamic nonlinear analyses while maintaining efficiency.
A p-adaptive method is employed to decrease truncation error by increasing element shape function orders. Unlike
previous applications primarily focused on static loads [31], this study introduces a p-adaptive method formulation for
dynamic analyses. However, p-adaptive methods can increase structural complexity and round-off error in large
structures, leading to convergence issues [32]. To address this problem, the convergence process is enhanced by
considering only modal shapes that significantly influence building movement in specific directions. This approach is
implemented indirectly, without affecting computational time, thereby improving the performance of the generalized
alpha method. To validate the developed software, it was initially tested against a simplified single-degree-of-freedom
model and compared with existing software, Seismostruct and OpenSees. Additionally, the results of typical structural
analyses of complex buildings were verified against OpenSees, a widely recognized and validated software. Due to the
scarcity of detailed data on models and results from other studies for complex structures under transient dynamic loads,
the analysis was also compared against a smaller-scale experiment.

The key contributions of this study are (1) a novel p-adaptive method formulation for dynamic analyses, (2) a
strategy to improve the convergence of the Newton-Raphson method by excluding irrelevant modal shapes from the
mass matrix, and (3) a demonstration of the significance of the p-adaptive method through analyses of various structural
complexities and conditions.

The remainder of this paper is organized as follows: Section 2 defines the mathematical background, starting with
error calculations and the proposed p -adaptive method. Afterward, a strategy for nonlinear models is given.
Additionally, convergence problems are discussed, and a solution is proposed. Section 3 validates the proposed
formulation and strategy through two computational and one actual experiment. Section 4 describes the numerical
examples used herein. Section 5 shows the results and discusses using the proposed p-adaptive method. Finally, the
paper is concluded in Section 6.
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2. Mathematical Backgrounds

The truncation error is quantified by analyzing the internal work in each element according to the interpolation
functions and the theoretical forces from the constitutive laws, inertia, and damping. Additionally, the truncation and
round-off error are compared since both were normalized to be one for the optimal error, which is the maximum allowed
error. Thus, when the truncation error equals one, the error is equal to an error uniformly distributed in all the elements
[11]. Hence, if no element errors are greater than one, no elements govern this error. Furthermore, the round-off error
of one is the maximum allowed error regarding the loss of significant digits [33]. A flowchart is exposed at the end of
this section.

2.1. Basic Definitions

The truncation error in structural analysis occurs because the polynomial used to represent each element
displacement is based on a third-order polynomial and the rotations on a second-order polynomial, as follows:

7,(x) = apx® + a;x' + a,x? + azx® 1)
0, (x) = 75 (x) = a;x° + 2a,x* + 3azx? )

where x is the distance to any point of the element, 7, (x) indicates the continuous transverse displacement, éy (x) isthe
rotation angle, and «;’s are polynomial constants. However, the order of those polynomials can be increased, reducing
the truncation error. The equations in this study have been only developed for the local plane xz from Figure 1, and they
can be transformed for the plane xy. The axial and torsional forces are omitted for the demonstration, but they can be
calculated analogously with the Lagrangian interpolation, which is a more straightforward case. Moreover, in this study,
the rotation order equation is used to denominate the order of bending elements; thus, the traditional elements ((1) and
(2)) are called second-order elements.

The truncation error can be reduced by locating the elements with the most influential internal forces and increasing
their shape function order (p-adaptive). Since the ground motions can change their main frequencies in different
intervals, the elements whose order will increase and decrease might change. Then, in the present study, the p-adaptive
method will be run in every n steps of the time-history analysis before some elements yield. After the elements have
reached the nonlinear range, the order of the shape functions should also change, but this could increase convergence
problems because of sharp changes in the stiffness. Therefore, the p-adaptive method evaluation is recommended to
stop when a nonlinear behavior has started.

we) yox )

El

EL EL v(x)

Y
x &
Figure 1. A typical high-order beam-column finite element

The shape function order refinement for the p-adaptive frame structure method is first stated as follows. To this end,
Equations 1 and 2 are generalized by:

7,(x) = X1t g ®)

0, (x) = v(x) (4)
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thereby:
7,(x) =N °'d ®)

where N is a horizontal vector containing the shape functions related to the displacements DOF, d, and el is a structural
element (el € Q) where Q denotes the entire domain of the structure. For the demonstration ¢‘d = 'd*?, and it is sorted
as follows in this study:

T
elg —
d = (v, 0y V2 Oy o V3 Oy oV 10y, 6)

where each element node contains a displacement DOF, Vs and a rotational DOF, HyjH. Also, n' is the order of the
polynomial 8, (x).

When increasing the order in an element, the new system will have to deal with more DOFs. Regarding the Runge
phenomenon, a different distribution of nodes from equidistant locations, like Lobatto, Legendre, or Chebyshev

approaches, should be used for the high-order elements. Previous works have shown remarkable results with the Lobatto
and Chebyshev node distributions for high-order interpolations [34].

In finite element methods, the base stiffness matrix of one element is defined as:

“K = [ BTDBox ©)
where B is:
B = L;N, (8)

in which £, represent a second-order derivative, and D indicates the element’s material properties. It is essential to
mention that the Hermite interpolation is used for the shape functions N, as shown in different references [35-38].
2.2. Truncation Error

Considering the Hamilton principle, we have the internal forces in each element °'f as:
elf=elf_d+elf;+elf; (9)
where ©f,, ¢, and 'f, are the restoring, dissipative, and inertial forces, respectively. ¢'f, is the force in each element
calculated with constitutive and kinematics considerations [39] expressed by:
elf =DL,N °d (10)

where D = EI indicates the element’s flexural rigidity (see Figure 1), and DL, N is the constitutive law. £, is a formal
operator that represents a b-order derivative. For bending forces, b = 2 so that £, N °d is the curvature. In the case of
working with axial forces and torsional forces, b = 1 so that £, N ¢'d is the axial strain and the torsional shear strain,
respectively.

The inertial force £, can be taken as [13]:
elf =yNeld (11)
where y is the mass per unit length, and ©'d is the acceleration in each DOF of the element el.

In the case of a dissipative force, the classic damping matrix is obtained to achieve its orthogonality with the modal
matrix calculated with the mass and stiffness matrix. Thus, the damping matrix of each element ¢C can be calculated in
the same way and then ©'f, be deduced. The Rayleigh method is used in this research. Therefore, this force must be a
function of the constitutive law of the forces £, and ¢'f, to obtain consistent results since these constitutive laws are
used to calculate the mass and stiffness matrices. Hence, ©'f, can be calculated as:

ezf; = (aoy + a;DL,)N °ld (12)

where @, and a, are the Rayleigh coefficients calculated with the first mode frequencies [13], and €!d is the velocity in
each DOF of the element el.
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Structural analysis is enhanced by finding the elements that influence the behavior the most. Finding the mentioned
elements is the goal of the p-adaptive method. In the p-adaptive method, the loads are usually used, but work will be
used subsequently to consider different types of forces, e.g., axial forces, bending forces, etc. Thus, the first goal is to
reduce the following error of each element:

6= elf* _ elf (13)

The remaining unknown term, ¢'f*, is the force at any point x, interpolated with the shape functions from the
prescribed forces f* in the element’s DOF as described below:

elf* — Eélf* (14)

The assumption taken in Equation 14 is made since it is considered that every element segment satisfies a linear
correspondence between displacement and forces, even in nonlinear analyses, for every iteration uses a corresponding
linear force-displacement relation.

The work from the prescribed force f* can be obtained by substituting Equations 10 and 14 to into Equation 13 and
knowing that the error é should be zero. This equation results in:

Nelf* — (DL,N ¢'d + yN °d + a; DL,N °'d + apyN ¢d) = 0 (15)

It is possible to isolate the force f*after multiplying each term by N and integrating the equation, this is expressed
as follows:

[y (NTNf* = NT(DL,N °d + YN 'd + a, DL, N “'d + aoyN °d) ) ox = 0 (16)

which results in:
elf*:(fLNTNax)_l(fLDL N d dx + ["yN ®'d ax + ay [, DL,N °d 0x + a, [ yN ¢d d 17
0 — — 0 bi¥ 0 y_ X al 0 bV X aO 0 }/_ X ( )

The error in each DOF of each element can be calculated using a residual work to involve distinct types of forces
by:

el — %eld 0) (foL M”‘f*ax _ foL elf ax) (18)
where © represents the Hadamard product. The entire system error can be obtained by the following norm:
1
lell = [Z2, (') (“e)]? (19)

The error will be normalized, assuming that the error is uniformly distributed in the entire system [11], which leads

to:
1
Jetaor| ]

nel

(20)

€net =1

This permissible error depends on the number of elements of the entire system nel, and the maximum permissible
error 77. In linear analyses, 77 will be established after various iterations. Nonetheless, in time-history analyses, 77 is
obtained within the steps of the procedures, where the global results will not be affected. 7 is obtained by the maximum
error of each element’s DOF (elpqr) Of all the elements:

_ elpoFe
7=~ max max VY P m— (21)
ele{1,..,0} \ DOFe(1,..,n'+1} \ ;*'POFdQ ' DOFf

(22)

€nel

from which the order n’ must be refined when €'&>1. The order will increase by one each time refinement is required.
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2.3. Round-off Error

It is known that when the truncation error has decreased, the round-off error will increase, which will be important
for adaptive methods in the finite element formulation [40]. The round-off error is caused by a loss of significant digits,
Nyose- Although this last error depends on the machine and other hardware details, it can be roughly calculated with the
condition number operator ic(m) of M~1S (the inverse of the structural mass matrix multiplied by the structural stiffness
matrix) as given by Cheney & Kingaid [41]:

RM7S) = M1 [l,|(M715) ! ||, = Znax(MS) (23)

Tmin(M~1$)

in which ||m||, denotes the Euler norm, and

Fmin(M™18) = min/|[A((M~-18)TM~1S))| (24-a)

Fmax(A) = max/|A(M-15)TM1S)| (24-h)
where A(m) is the eigenvalues vector. Hence, the condition number turns out to be:

— (uz

R(M1S) = 25 (25)
where wp,.x and w,;, are the maximum and minimum natural frequencies of the analyzed structure.

The limit of the condition number can be imposed with the machine epsilon number &, which is equivalent to the

decimal significant digits available to work [33]. The upper limit used is 1/+/€ [42], and therefore, the normalized error
by one is given as:

2
$round-off = Zrznax\/g (26)
This proposal calculates the round-off error after each refinement iteration from the truncation-error control to stop
the refinement process.

2.4. Variation of the Cross-Section Stiffness

The study of nonlinear behavior in buildings is a paramount concern in structural analysis, particularly within
the context of seismic events. Nonlinearities are often concentrated in specific regions of the structure, known as
plastic hinges. Consequently, a comprehensive understanding of plastic hinges is imperative. The distributed
plasticity hinge approach, which accounts for continuous displacements, is widely recognized as a more realistic
representation of nonlinear behavior compared to traditional idealizations [43]. While the flexibility method (or
force method) can be employed to analyze distributed plasticity hinges using in-series spring idealizations [44, 45],
its applicability is limited to systems of lower order. The primary challenge arises from the necessity of introducing
additional degrees of freedom (DOFs) to the corotational coordinate system, which is incompatible with the
flexibility method due to the singularity of their flexibility matrix, hindering inversion and subsequent derivation of
the stiffness matrix.

The strain energy has been considered to calculate the moments (and other forces) for the rigidity evaluation in each
time-history analysis instant i as follows:

0 =27 (") (@7)

in which €4, contains the contribution for the energy of each section with a different nonlinear plastic length rigidity r
from 1 to 7, as indicated in Figure 2. This last equation leads to:

eln _lepgTa
Uy =3 0, “m,;

(28)
where e’mri are the partial moments that correspond to the nonlinear plastic length rigidity, and ¢'@; is a vector that
contains the rotation of each DOF related to ‘”mri.

Equation 28 can be used, provided that the element's partial stiffness ”Kri, which is dependent on ¢'ET.(x), uses
continuous functions for the rigidity ¢'ET.(x) along the element length. Thus, sets of continuous sigmoid functions can
be used to represent continuous rigidity as follows:
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“ET, (x) = EL, (o(x = 5524 ) — o(x — $j1 1)) (29)

where o (m) is a Sigmoid function expressed by

1

o(m) = 1+exp(—max(€EL)m) (30)
in which ¢ EI,. contains all the flexural rigidities in one element (see Figure 2).
Z
El El, El;  ElL
X
O O O oO—
L | Ly | s | Ly
T U U
L
Figure 2. A typical high-order beam-column finite element
The partial moment elmrl. can be calculated in every step i using the curvature ‘¢ as the following relation:
elm” — el 7'1, L + elEI,Tl 1( l(Pi _ el(Pi—l) (31)
where the curvature is calculated using the shape functions related to the rotation DOFs, Ny, as:
“Up = (J; No"Nyox) 16 (32)
and elEIIl. is the rigidity components in every section r, written as:
T
“EIT, = {elEIg|g € {evaluated sections}} (33)

The evaluated rigidity E, in the instant i is found by evaluating the rules of the moment-curvature model, the fiber
method, or any other. This procedure has also been used analogously for axial and torsional forces in the preformed
examples. In the end, these rigidities are used to calculate the stiffness matrix of each corotated element, which can be
limited to only the section of the element's ends.

2.5. Moment Curvature Model

The fiber method with the Ramberg-Osgood model has been utilized to represent the behavior of each cross-section
fiber. This method consists of dividing each cross-section into small segments called fibers. The fibers represent the
confined concrete, unconfined concrete, and steel rebars for each reinforced concrete element. The increment of the
curvatures in each step ¢'A¢; is used to calculate the strain ﬁbeﬁjl,Asi of each fiber j assuming that flat sections remain
flat after deformation [46] in the following way:

el
Adgyial:
el — el el axialj
fiber]-Asi = fiberthNA Ag; o (34)

where ¢'Ag; is the resultant of the increment of curvatures in the basic system axis x and y of the element el, fiber; ®hpna
indicates a vector containing the perpendicular distance from the plastic neutral axis (PNA) to each fiber, ¢ Adamll is
a vector with the axial displacement from the time history analysis of each element, and ¢'L denotes the length of each
element. The PNA is found by numerical methods.

The jth fiber, fiber;, is analyzed to obtain its modulus of elasticity flbee’E The modulus is the same as the elastic
modulus ﬂber]’E0 if the fiber stress is in the unloading phase. Otherwise, the Ramberg Osgood model is used. Afterward,
the stress of each fiber is calculated as follows:

l
fibeﬁjo' flber]Eflber]As + fzber O-l 1 (35)
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The Ramberg-Osgood equation is used to obtain the stress of every fiber in the loading phase since this equation
represents the hysteresis behavior of each element. Numerical methods are employed to obtain the stress from the
following equation:

fib elai fib ezdi ot
el _ Jterj = tver; el
fiberjsi - el 1+ @ abs ( el ) + fiberjsfixl- (36)

fiberjEO fiber;%y

where ﬂbeﬁ;ay is the yield stress of the fiber j, ﬁbe;’]l,eﬁxi is the strain saved in each step of the unloading phase, and &

and 7 are equation coefficients, where & is 200abs (ﬂbeﬁ;ay/ﬁbeﬁ]l,Eo) and i = 6, which are values usually used [47].
Also, abs(m) denotes the absolute value of m.

2.6. Structural Analysis Procedure

An implicit time-history analysis is more convenient for reducing the algorithm's running time. As stated before,
some of the faster and more robust procedures are the generalized alpha methods (GAM). Those belong to the direct
integration implicit procedures derived from the Newmark type analysis. Since the GAM can reduce spurious vibration,
this analysis is ideal for high-order elements.

The well-known Newmark method uses the coefficients g and y, and the displacements gq;, velocities q;, and
accelerations ¢; for each global system DOF in every instant i. The GAM enhances the convergence of the movement
equation determined by:

M@ + Cip1Qis1 + Siv19iv1 = Tina (37)

where M , C, and S are the global mass, damping, and stiffness matrices of the structure, respectively. Moreover, 7 is
the external forces vector. The convergence will be found in the time tivi-ap which is tp.q — ar(tyer — tn) .

Additionally, the acceleration will vary «a,, times. Hence, we can express this idea as follows:

(Miy1 + Civr Qi1 + Sis1Giv1) — (M(@ip1 — @) am + Ciy1 (i1 — G + Siv1 (@is1 — g af) = (38)
Tip1— (Tip — ri)af

Thus, isolating terms, the following equation can then be found and solved using the Newmark process:

MGisi-a,, + CiviQivi-a; + Siv1Qivi-a; = Tisa (39)
where

Qiti-af = (1 - af)qi+1 +arq; (40)

Qivi-a; = (1- Uff)ihﬂ + asq; (41)

Givi-a, = (1 — ap)qi + and; (42)

Tiv1qp = (1—ap)rip + asr; (43)

Many researchers have studied the relationship between the coefficients g, y, af, and a,, in the pro of preventing
divergence problems in structural analyses [30]. The parameters that adjust better to the problem here studied, i.e.,
structures, are proposed by Chung-Hulbert as follows:

2
B=1(1-an+a) (44)
y=%—am+af (45)

The alpha coefficients are related to p., as indicated below:

2peo—1

Ay = pl;T (46)
_ P

ap =-"1 (47)
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in which the value of p, will be between 0 and 1. It is worth noting that the smaller p, is, the larger the velocity
overshooting will be, which is a harmful effect [30].

Additionally, structural analyses using the Ritz modes might be used to avoid spurious vibration in a physically
improbable direction [48, 49]. However, the analysis of Ritz modes changing every instant can be computationally
intensive and must be used with discretion.

2.7. Numerical Method Error from Instability and Spurious Vibration

In transient dynamic analyses of complex structures, the “numerical instability” can be perceived as an uncontrolled
oscillation, divergence in iterative solvers, or excessive displacements. This behavior could be given for the integration
method, time step size, damping, and model nonlinearities [50, 51]. On the other hand, “spurious vibration” can be seen
when unrealistic or unexpected patterns are found in the modal shapes, which could evocate numerical instabilities [52].
Another phenomenon encountered is a “counterintuitive moment-curvature” behavior. It can occur in complex structures
when nonlinearities appear, which can cause the moment-curvature response to go in an unexpected direction opposite
to an assumed behavior, e.g., the rules of the Takeda concrete model [53]. It is essential to mention that these phenomena
can or cannot be related.

A counterintuitive moment-curvature behavior is corrected using a moment-curvature model that smooths the
transition between rigidities changes. This is another reason for using the Ramberg-Osgood model above described since
it provides a smooth transition.

2.8. Numerical Method Error from Instability And Spurious Vibration

The unexpected phenomena can be significantly reduced by decreasing the coefficient p,, of the GAM. However,
this action can present misleading results because of the increase in velocity overshooting, in addition to large time-step
size problems or simply numerical instability for problems with high-order shape functions, particularly if the mesh is
not correctly refined. Therefore, because high-order interpolation functions can result in spurious frequencies, Ritz
modal shapes using the straightforward Gramm-Schmidt process can prevent excitation in directions that need not be
studied [48]. These vibration modes are restricted because, unlike eigenvalue analysis, which produces universal
vibrational patterns regardless of external forces, Ritz analysis generates specific mode shapes influenced by the
direction of the applied load. This tailored approach ensures that the resulting mode shapes are more closely aligned
with the actual behavior of the structure under the given loading conditions. Thus, the mass matrix is filtered from
unnecessary modal shapes so that the mass of those unnecessary DOFs can be zero, and thereby, they will not influence
the dynamic analyses. Moreover, since the mass matrix will not change each instant, this operation will not affect the
running time, as could occur with the stiffness matrix. The modal shapes’ filtering is made using the following concept:

My +Cy+Sy=®"r (48)
where @ are the Ritz modes normalized using the mass matrix, and y, y, and y are the increment of the structural

responses in natural coordinates. The natural coordinates are vectors that scale the Ritz vectors. In addition, the
orthogonal mass normalized matrices of (48) are defined as:

M=3"Md (49)
C=3"cod (50)
$=oTs® (51)

Knowing that M is an identity matrix due to the normalized modes, the following equation can be determined:

STMD =1 (52)
The reconstructed M can be obtained by multiplying each term by M® and (M<T>)T. Thus, M results in:
M= M®(MD)" (53)
2.9. Procedure Flowchart

The following flowchart displays the procedure used in this work using the previously demonstrated equations (see
Figure 3). This procedure is used in a software package made in Python 3 called MainModelingStr. The method starts
initializing common parameters for time-history analysis. Afterwards, the mass matrix is reconstructed using the Ritz
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modes, and the approximated yielding forces ¢ £ are calculated using the close-form of Monti and Petrone [54]. In the
main loop, each ground motion point is evaluated using the GAM method, and the structure responses are calculated.
Next, the nonlinear evaluation of each element will start once any element has overcome the approximated yielding
forces. In this case, the approximated yielding forces ¢! are multiplied by a safety factor to ensure that the nonlinearity
of the elements is effectively evaluated. On the other hand, when €% is less than the restitutive forces of each element,
the refinement procedure starts.

As indicated before, the refinement process begins by calculating the conditional number, the truncation, and the
round-off error. Now, the elements with an error ¢ greater than one will be refined. However, the number of refined
elements will be limited according to the round-off error. To avoid many computational operations, the maximum
number of refined elements (maximum refined elements) is obtained as a simple linear interpolation, as shown in
the flowchart. Finally, when elements are refined, the gaps in the structural responses (q;, q;, q;) are filled using the
interpolation functions N on the refined elements (previously presented in Equation 5).

Ritz modes
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v
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Calculate the yielding forces ¢f?, PN Using Monti & Petrone and
of each element Strength of material theories
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For all ground
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with Moment- If each 'f ; < 0.85°'f
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fround— off
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v

Reduce the number of elements to be refined until
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v

Calculate q;, q;, q; < for principal DOFs, and using
interpolation functions for internal nodes

Figure 3. Procedure flowchart for the structural time-history analysis

3. Validation of the Proposed Method

The proposed formulation has been validated as follows. Firstly, it is exhibited that there is an optimal range where
the truncation and the round-off error curves cross, which highlights the importance of the p-adaptive method to reduce
the total numerical error. Afterward, a case where the proposed strategy is useful is presented. Subsequently, it is shown
through a small actual experiment building that the p-adaptive method results are more similar, leaving the window
open for future research with more large-scale experiments
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3.1. Numerical Method Error from Instability and Spurious Vibration

A small building model is used to validate the truncation and round-off error criteria. The benchmark is the result of
this building obtained by solving the differential equation for one degree of freedom. Those results will be compared to
the proposed formulation, Seismostruct [55], and OpenSeesPy [56]. The building is a one-floor reinforced concrete
structure made of square columns of 0.25 x 0.25 m? with four confined rebars of a diameter of 32 mm. Its beams are
rectangular elements of 0.25 x 0.60 m? with six confined rebars of a diameter of 16 mm. A high error was found with
these conditions: flexible columns and stiffer beams. The Young modulus of the concrete is 21.5 GPa, the compressive
strength is 21 MPa, and the specific weight is 24 kN/m3. The Young modulus of the rebar is 200 GPa, and the
compressive and tensile strength is 590 MPa.

The excitation applied to the structure is a sinusoidal ground acceleration, expressed as follows:
2
. 1 . Wg
iig(t) = Ffm—151n(wft) = ka—fsm(wft) (54)

where ii,(t) is the ground acceleration, Fy denotes the acceleration amplitude, wy is the load angular frequency (which
is identical to the building’s natural angular frequency), and k, represents the approximate stiffness of the SDOF system.
k, can be easily calculated using the perpendicular stiffness of the columns. The response of the building by assuming
its behavior as a single-degree-of-freedom system is represented by:

u (t) = _2F_1:1 [exp(—(wft) (% cos(wpy/1 — {%t) + wy sin(W(t)) - %cos(wft)] (55)

where ¢ is the damping ratio coefficient and has been taken as 0.05.

The response in Figure 4 shows that the results with second-order elements (traditional elements) are similar to those
obtained by Seismostruct and OpenSeesPy, which validate the basis of the numerical method. It is not easy to determine
the actual result because Equation 555 is for an SDOF simplified system, while the employed software programs apply
different approaches to solve the same problem. Therefore, the coefficient of variation (COV) is used to evaluate the
reliability of the findings. The obtained COV of the amplitudes is 0.029, which implies a very low dispersion and high
reliability.

0.002
—— SDOF system SeismoStruct —— SDOF system SeismoStruct
0.0015 1 OpenSeesPy Basic System 1 OpenSeesPy Basic System 1
Basic System 2 Basic System 2
0.001 A
E 0.0005 -
<
(<5
£ 0
&
g
A -0.0005
-0.001 A >
-0.0015
-0.002 r T T T T T . .
0 1 2 3 4 5 6 38 3.9 4 4.1 4.2

Time [s] Time [s]
Figure 4. A typical high-order beam-column finite element

Afterward, the order is increased for each element by two since two degrees of freedom arise for each additional
node. In Figure 5, it can be appreciated that after the 10th-order elements (four additional nodes in each element), the
quality of the result starts to decrease. The truncation and round-off errors are displayed in Figure 6 using Equations 22
and 26 for this building. The errors coincide with the response of the structure, which validates the necessity of selecting
the most influential elements to increase their order with the p-adaptive method.
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Figure 5. Comparison of different shape function orders
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Figure 6. Truncation and round-off error of one-degree-of-freedom building subjected to a sinusoidal load

Three nodes are added to the beams after using the p-adaptive method and controlling the round-off error. The
building's responses before and after using the p-adaptive method are very similar to those expected; see Figure 7. The
COV obtained is only 0.03, which supports the validation of the formulation proposed.
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Figure 7. Response of structure before and after using the p-adaptive method (left) and additional nodes in elements (right)
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3.2. Validation of the Strategy to Reduce the Numerical Method Error

The proposed strategy, based on an adaptive structural complexity, allows the completion of the structural
analysis using a low tolerance error for the numerical method used. The following example shows the utility of this
strategy. The building proposed for this validation is small enough to obtain results relatively quickly and large
enough to get to a complexity that shows the abovementioned problems. The used building is a 3-floor plan-regular
structure with three spans made of reinforced concrete with square columns of 0.4x0.4 m? and rectangular beams of
0.3x0.3 m?. The columns’ reinforcement is 16¢14, and the beams’ upper and lower reinforcement is 4¢p14 each.
The damping ratio coefficient used was 0.05, and rigid diaphragms were considered. The shape function order of the
upper columns was increased (without the p-adaptive method) since the vibration of the upper floor can cause
convergence problems, which is an extreme case. The structural analysis is linear, yet a large ground motion
acceleration is used to provoke instability. Furthermore, rigid diaphragms are used for each floor, and a weight of
7.5 KN/m is added to the element's self-weight. The additional weight is considered to be the floor and walls. The
round-off error resulted in 1.93, which is accepted to demonstrate the strategy performance. The maximum truncation
error was lower than in the above-studied case; it was 3.96 and was reduced to 0.021. The building dimensions and

high-order elements can be seen in Figure 8.

e S a8 /E | [ | ik
R e e g -

Figure 8. (a) Plan view and (b) perspective view of the regular building to evaluate the proposed strategy

Figure 9 shows that the results are similar without differences in the response peaks. However, the analysis without
the strategy did not converge after the instant 3.84 s. The problem can be found in the analysis of the angular DOF of
the top floor, see Figure 10. It must be noted that the rotational displacement in this DOF is nearly zero, and in the “high-
order elements, no strategy” model, its behavior presented divergence. The building responses obtained from the p-
adaptive method were found after applying the filtered mass matrix proposed in the strategy (model “high-order

elements, strategy”).
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Figure 10. Rotation, angular velocity, and angular acceleration responses on the top of the building

3.3. Validation with an Actual Experiment Structure

The p-adaptive method will help obtain more accurate results in more complex structures, where significant
differences could occur between using this method and not using it. Theoretically, the proposed formulation will provide
more accurate results, yet it is difficult to prove it to real buildings since no available data exists. However, a small
experiment was led to motivate more future large-scale experiments. This test consists of a small three-floor steel
structure (17x30%51 cm) (see Figure 11-a) that was analyzed on a one-degree-of-freedom shaking table (see Figure 11-
b). The shaking table has a base area of 70x30 cm, which works with two 500 W motors for the experiments. One-
dimensional sinusoidal vibration was used. The sinusoidal movement has a frequency of 3.19 Hz with an amplitude of
3.92 m/s?. The elements were welded and included a plate that simulated rigid slabs. Its footings were plates bolded to
the shaking table. Accelerometers of the types ASC (measuring range up to +50 g) and ADXL345 (measuring range up
to £16 g). In addition, a digital camera type Canon EOS 2000D was used to take photos with a resolution of 2
megapixels (MP) at 25 frames per second (fps) for comparing the results with the digital image correlation (DIC)
method; more details of this experiment can be found on Pankrath et al. [57]. The exact ground-building movement
(GBM) was used in the building computational models. Moreover, the GBM was subtracted from floor responses to
obtain results relative to the building base, such as the structural analysis responses. The experiment building had a
natural period of 0.44 s and a damping ratio coefficient of 0.098, obtained after analyzing its free vibration response.

3
o
o
=
=

Figure 11. Experiment with (a) a three-floor structure, (b) the DIC methodology process, and (c) the shaking table used
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The building tested was made of steel. After laboratory tests on the steel material, the following properties were
determined: the steel modulus of elasticity is 203.89 GPa, the yield tension point is 253.11 MPa, and the ultimate tension
point is 407.78 MPa. The elements are rectangular plates of 0.012x0.003 m sections for both beams and columns.
Moreover, a weight of 2.39 kN/m? was added to each floor through a steel plate. The building is 0.30 m on the X-
direction, 0.17 m on the Y-direction, and each column size is 0.17 m (see Figure 12). The acceleration is transmitted to
the structure through a ground motion in the X-direction, and a linear analysis was performed with the mentioned
parameters. The truncation and round-off errors after increasing the order of all the elements are displayed in Figure 13.
The truncation and round-off errors are shown in Figure 13 after applying the proposed methods. The refined structure
grid after employing the p-adaptive method is presented in Figure 12. The refined elements are represented with
additional nodes (two orders are added with each extra node).
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Figure 12. High-order elements in the building experiment. Small circles indicate additional nodes
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Figure 13. Truncation and round-off error of experiment building subjected to a sinusoidal load

The structure’s displacement of each floor from the experimental building, the traditional analysis, the OpenSees
analysis, and the p-adaptive analysis are shown in Figures 14 to 16. From these comparisons, differences in the
amplitude responses can be appreciated. Thus, the Euler norm is obtained between the distances of the experimental
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building (Uexperiment) and the structural analyses (uqnq1y5is) in €ach instant. The scaling laws for dynamic models are
factors that affect the structure responses, e.g., the displacements are directly proportional to the ratio of model-to-
prototype length [58-60]. Therefore, the relative error is the same for the scale model and an actual building since those
factors can be simplified (see Equation 67). Thus, the norm results are normalized by the Euler norm of the experimental

building displacements as follows:

”uexperiment_uanalysis I

error = (67)
”uexperiment“

10 -

8 Experiment floor 1 Traditional analysis floor 1
g 6 - —— Opensees floor 1 p-adaptative floor 1
= 4
c
[} 2 i
= /\ A N A N N A N A N A\ N\ N
[«5)

0 , A aWA "\
‘_E_ ) / / \/ v \/ v/ M WY VYV VWV VWV V VY V VYV \
2 4
3
T 61

-8 4

'10 T T T T T T T T T T 1

1.0 15 2.0 25 3.0 35 4.0 45 5.0 55 6.0 6.5
Time [s]
Figure 14. Experimental building floor 1 displacement and structural analyses responses
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In Floor 1, the displacement of the experiment compared to the traditional analysis (second-order elements) is
28.69%, compared to OpenSees results of 31.97%, and compared to p-adaptive analysis results of 22.49%. In Floor 2,
the displacement of the experiment compared to the traditional analysis is 22.02%, compared to OpenSees 28.44%, and
compared to p-adaptive analysis 17.98%. Finally, the difference between the Floor 3 displacements of the experiment
and the traditional analysis is 18.43%, OpenSees is 22.94%, and p-adaptive analysis is 12.51%. In summary, the total
error for the traditional analysis is 23.05%; for the OpenSees results, it is 27.79%; and for the p-adaptive method, it is
17.66%. Therefore, these differences in results have motivated the analyses performed in the following section to
investigate the influence of refinement elements on more realistic buildings.

4. Numerical Examples using the p-adaptive Method

In the following examples, the influence of the p-adaptive method on massive structures will be tested. Equations
22 and 26, stated for the p-adaptive method, have been used in the following examples. They are employed while the
ground motion records are used to analyze the structures. The Hermitian interpolation is used to fill gaps that appear
when additional DOFs are increased when the order of the elements is raised. Moreover, the general algorithm changes
the elements between elastic and inelastic analyses [61] according to a limit stated for yielding points following Monti
and Petrone [54]. The formulation has been verified with six structures of different complexities, nonlinear behavior,
materials, and irregularities. They are presented in Figure 17.
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Figure 17. Plan view (left) and perspective view (right) of the buildings analyzed in this study

The buildings are made of concrete using the following properties. The Young modulus of concrete E is 21.5 GPa,
its compressive strength f; is 21 MPa, its specific weight y is 24 KN/m?, and the yield strength £, of rebars is 590 MPa.
Moreover, the elements’ self-weight and an additional 7.5 KN/m? weight are applied. The additional weight involves
estimating the slab and wall weights, and it is automatically transferred by the software made from the slabs to the beams
as uniform loads using triangular and trapezoidal tributary areas. Additionally, a compression ultimate strain of 0.0035
and a tensile ultimate strain of 0.0003 were used for confined concrete fibers. The ultimate strain used in nonconfined
concrete is 0.00105 for a compressive strain and 0.0001 for a tensile strain. An ultimate strain of 0.2 was used for steel
fibers. The structures' elements were sized so that some elements go to the nonlinear range for the applied strong ground
motion records. The ground motions used are signals from accelerograms of actual earthquakes. Moreover, the matrix
calculation of the structural analysis was made using sparse matrices, and the rigid diaphragm criterion was taken for
all slabs. Three ground motions were used, and the results are shown according to the building's most unfavorable
response. Table 1 presents the properties and special characteristics of the analyzed buildings.
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Table 1. Properties and Special Characteristics of the Buildings

No. of

Columns

Columns rebars

Beams rebars [upper

- ’ . .
Building Floors [m] [mm] Beams [m?] = lower][mm] Special characteristic Earthquake
16414 4914 Tohoku-Japan
1 3 0.40 x 0.40 f, = 420 MPa 0.30 x 0.40 f, = 420 MPa - (2011)
Dampers BRB ”
36¢22 5¢22 . 2 Concepcion-
2 10 1.00 x 1.00 = 0.40 x 0.70 _ Core: 0.30 x 0.03 m .
fy = 420 MPa fy = 420 MPa f, = 150 MPa Chile (2010)
8916 Reinforced concrete braces of 0.30 x Concepcion
3 7 0.30 x 0.30 _ 0.30 x 0.45 3¢16f, = 420MPa 0.30 m? using 8¢16 at axial, torsional, . N
fy = 420 MPa and bending strength f, = 420 MPa Chile (2010)
by = 0.60 16¢32 & 56420
hy = 3.00 f, =420 MPa 5420
4 10 0.40 X 0.90 f, = 420 ; El Cf{‘;%;’SA
by = 3.00 56420 & 16¢32 MPa
hy = 0.60 fy = 420 MPa
12¢32 3 m cantilever & fragile masonry of i
5 12 2.20 % 2.20 f fzsﬁggfv[pa 0.40 x 0.90 f, = 590 ¢ = 0.15 m, modeled as struts: £, = 3 gﬁﬂ:e&‘ggg)
Y MPa MPa; E,, = 600f,,
Floor 1-10- 196¢32 Floor 1.-10: Dampers BZRB
1.50 x 1.50 — 420 MP Core: 0.20 X 0.02 m
: : = a f, =250 MPa
5¢25 F. 11-20: Dampers BRB ”
F. 11-20: 180¢32 . 2 Concepcioén-
6 30 _ 0.40 x 0.80 fy =420 Core: 0.10 X 0.01 m -
1.40 x 1.40 fy = 420 MPa MPa f, = 250 MPa Chile (2010)
PO 164932 Core 020 X 00125 e
1.30 x 1.30 f, = 420 MPa

f, = 250 MPa

The ground accelerations used are Concepcidn-Chile (2010), Tohoku-Japan (2011), and El Centro-USA (1940),
which are shown in Figure 18. The peak ground acceleration is 0.35 g for the Concepcion, 0.96 g for the Tohoku, and
0.28 g for the El Centro. Furthermore, an essential parameter for the building characteristics is the predominant
frequency. The frequencies obtained from a Fast Fourier procedure of the Concepcidn ground motion are between 0.30
Hz and 1.95 Hz, the Tohoku motion is 4.30 Hz, and the El Centro motion is 4.69 Hz. The signals have been filtered, and
their baseline were corrected.
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Figure 18. (a) Time-history and (b) frequency spectrum of Concepcion 2010, Tohoku 2011, and El Centro 1940 ground

motions
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5. Results of Nonlinear Analyses of Buildings

The first evaluated analyses are the models that do not use the p-adaptive method but use the strategy proposed. It
is labeled “No p-adaptive, strategy” for the comparisons. The second analysis is the theoretically more accurate
structure. It is the analysis using the p-adaptive method for each two time-history analysis instant before some element
has yielded to avoid convergence problems, as mentioned before. This analysis is the benchmark labeled “p-adaptive,
strategy” for comparison purposes. Finally, the third analysis was carried out in OpenSees. It uses the same geometric
and material characteristics to provide an additional reference for monitoring the developed software since OpenSees
has already been validated in some studies [62]. This analysis is a no p-adaptive nonlinear time-history procedure, and
it is labeled as “OpenSees.” It is also important to mention that the strategy used in the own-made software allowed to
set an error tolerance of 1E — 10, and the error tolerance that worked in OpenSees better was a value of 1E — 3. The
results analyzed are (1) the roof displacements, since they represent the influential vibration modes, and (2) the elements'
performance, measured by evaluating the elements that have reached the yielding (colored in green) or breaking points
(colored in red).

The truncation error was reduced with the equations stated for the p-adaptive method, and the number of high-order
elements was limited by the round-off error. As a result, the high-order elements were calculated in real-time in the
time-history procedure, and they are represented with cyan circles that symbolize additional internal nodes, as shown in
Figure 19. Since the round-off error rises rapidly in large structures, only two additional nodes resulted in an increase in
the indicated elements, which means four order elements. The results for the time versus the roof displacement of the
buildings are shown in Figure 20, and the amount by which the errors were reduced is presented in Table 2.
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Figure 20. Comparison of the buildings’ responses among analyses with the p-adaptive method, without the p-adaptive
method, and OpenSees

Table 2. The errors before and after applying the proposed formulation

Building Tl_'uncation error before Truncation error after applying Round-off error _before applying Round-off error after applying
applying the p-adaptive method the p-adaptive method the p-adaptive method the p-adaptive method
1 3.01 0.0305 0.00082 0.0025
2 6.48 0.9291 0.01561 0.0222
3 5.17 0.7913 0.00219 0.2057
4 4.06 0.3530 0.22017 0.3719
5 8.04 0.3647 0.20122 0.2266
6 1.94 0.4752 2.37703 2.5852

In general terms, the similitudes between the results of the software made for this study without using the p-adaptive
method and OpenSees are notorious in Figure 20. It is worth mentioning that the response of Building 3 could not be
obtained with OpenSees for convergence problems. In more detail, the prominent frequency responses between “p-
adaptive, strategy” and OpenSees in spectra of Fourier in Figure 21 are the same in all the cases. The amplitudes in the
most important secondary frequencies vary by 10% in Building 2, 72% in Building 4, and 33% in Building 5. There are
also some differences in the peak displacement responses (see Figure 20): 8% in Building 1, 7% in Building 2, 3% in
Building 4, 0.2% in Building 5, and 6.7% in Building 6. These variations might have occurred due to the dissimilitudes
between the mathematical and computation models and the error tolerance. For example, the corotational model used
for OpenSees consists of a flexibility-matrix-based basic system. However, a different basic system was used in this
work (see Figure 1), which allowed high-order elements for the subsequent p-adaptive method. The differences in results
for the basic system matrices can occur since flexibility formulations often use secant stiffness approaches compared to
tangent stiffness methods [63]. It can be concluded that the results from the software produced for this work are reliable
since the most prominent frequency responses are the same, and the differences from the peak displacements do not
make a significant gap.
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Figure 21. Comparison of the frequency responses in the frequency spectra of Fourier

The contrast between the use of the p-adaptive method is easily noticed in the results of Figure 20. Numerically,
these differences can be extracted from the frequency spectra of Fourier in Figure 21. Thus, the error in the most
prominent frequencies between using the p-adaptive method and not using it are 25% for Building 1, 0% for Building
2, 20% for Building 3, 29% for Building 4, 14% for Building 5, and 50% for Building 6. The errors for the peak
displacement responses are 63% for Building 1, 0.8% for Building 2, 28% for Building 3, 27% for Building 4, 22% for
Building 5, and 56% for Building 6. The significant variation in using the p-adaptive method in Figure 20 is then valued
by the significant difference in the prominent frequency and peak displacement responses. These variations lead to a
distinct nonlinear behavior devised in Figure 22. The nonlinear behavior was identified when some rebar fiber yields at
the end of each element. Figure 22 illustrates the structural damage patterns for second-order elements and those refined
using the p-adaptive method. Green segments indicate yielding at element ends, while red segments represent failed
elements, such as the masonry in Building 5.

Building 1

Building 2
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It can be seen in Figure 22 that there are many differences in the nonlinear behavior of the buildings using and not
using the p-adaptive method. In an overview, there are errors of 135% of elements yielding for Building 1, 14% for
Building 2, 31% for Building 3, 6% for Building 4, 55% for Building 5, and 7% for Building 6. The significant difference
in Building 1 is due to the large dissimilitude shown in the frequency and amplitude diagrams. Another significant
difference is found in Building 5, which occurs due to the weakness of the masonry. All these results demonstrate the
need to refine the mesh for structural analysis using the p-adaptive method considering the round-off error since the
nonlinear behavior is different.

After using the p-adaptive method, the structure’s natural periods remained the same using the Ritz modes in the X-
direction:

Building 1: 1.05 for mode one, 0.32 for mode two, and 0.17 for mode three.

Building 2: 2.42 for mode one, 2.07 for mode two, and 0.59 for mode three.

Building 3: 0.81 for mode one, 0.27 for mode two, and 0.14 for mode three.

Building 4: 1.19 for mode one, 1.10 for mode two, and 0.35 for mode three.

Building 5: 1.70 for mode one, 1.47 for mode two, and 0.42 for mode three.

Building 6: 4.89 for mode one, 4.73 for mode two, and 1.48 for mode three.

Even after obtaining the same natural periods, it can be noticed in the fast Fourier results that the displacement
diagram frequencies tend to be higher. The reasons may be varied; for instance, the p-adaptive method might refine the
mesh in specific regions, leading to a more accurate representation of local stiffness and mass properties. High-order
shape functions could subtly alter the structure's dynamic behavior, resulting in a shift in the dominant frequencies.
Moreover, when the material model used in the analysis is nonlinear, the p-adaptive method refines the mesh in regions
where the material will experience significant nonlinear behavior. This nonlinearity may change the structure's stiffness
properties, affecting the dynamic response and the fast Fourier results.

One of the objectives of using the p-adaptive method is not to affect the running time excessively. Thus, the times
recorded for each analysis are listed in Table 3.

Table 3. Running time in minutes in the examples

Building  No p-adaptive, Grubbs  p-adaptive, Grubbs OpenSees
1 12.445 12.785 2.110
2 64.980 58.865 25.818
3 120.331 111.355 No convergence
4 97.703 100.354 89.178
5 105.493 111.519 124.496
6 386.213 381.028 4776.08 (3.31 days)

The running time in the models depends on the iterations in the numerical method and the nonlinear evaluation,
which explains the differences between the “No p-adaptive, Grubbs” and “p-adaptive, Grubbs” models. The made
software starts evaluating the real rigidities in each section once any element is near yield, according to Monti & Petrone
[54] limits, so the “No p-adaptive, Grubbs” method takes longer in some examples. The disparities oscillate between
1% and 10%, which can be considered a low difference. This variation is difficult to predict since, as the complexity of
the structure increases, so does the rounding error, which limits the number of elements that can be refined (see flowchart
of this study's procedure has been included at the end of Section 2). The entire dynamic behavior could also change.
Even without considering the round-off error that depends on the machine because refinement is not intrinsic to the
structure but relies on the loads.

Conversely, significant distinctions have been found between the developed software and OpenSees. One reason is
that the developed software was made entirely in the high-level language Python 3 and OpenSees in the low-level
language C++, in addition to many other differences. Thus, OpenSees proved to be a fast software for analyzing
relatively small structures, as fast as 490% compared to the developed software. On the other hand, the developed
software proved to be fast for calculating large buildings; the difference is 1137%.
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6. Conclusion

This research identified a truncation error associated with shape function order, a frequently overlooked issue in
structural analyses of buildings and other infrastructure. To address this, the study developed equations for calculating
truncation errors. Furthermore, as existing methods for determining nonlinear plastic length in high-order elements were
limited, a novel approach using sigmoid function sets was presented. This approach provides a more accurate
representation of material behavior under complex loading conditions.

The p-adaptive procedure was adapted for nonlinear dynamic analyses, deviating from its traditional application to
static analysis. To accurately capture dynamic behavior, inertial and damping internal forces were incorporated in
addition to restitutive internal forces. These additional considerations are crucial for modeling the complex response of
structures subjected to dynamic loads, such as earthquakes. Complex structures subjected to dynamic analysis often
exhibit numerical instability. This study proposed a method to filter out irrelevant modal shapes using Ritz modes, which
were then used to reconstruct the mass matrix. This approach effectively improves the stability and accuracy of the
analysis by focusing on the dominant modes that contribute significantly to the structural response. The examples
demonstrated that even in simple cases, reducing truncation error impacts structural responses significantly, emphasizing
the importance of mesh refinement for accurate analysis. Moreover, the study found that the computational time for the
p-adaptive method remained comparable to traditional methods, with a maximum difference of 10% in the analyzed
examples. This efficiency is particularly important for large-scale and complex structural analyses where computational
time is a critical factor.
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