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Abstract

One method to deal with the problem of soft soil is to accelerate consolidation by preloading and prefabricating a vertical
drain (PVD). Consolidation analysis was based on a one-dimensional theory that required PVD as an equivalent circular
well. Further studies on a simple approximate for consolidated soil were represented by equivalent permeability
coefficients, kve. The equivalent conductivity coefficient is influenced by the soil and PVD permeability coefficients. The
formulation of kve based on the influence area in cylindrical has been applied to a lot of construction projects. According
to the comparative analysis of the classical consolidation theory, it is considered that the diameter of the circle is less
representative. This study proposed a simple formulation of kv based on the elliptical assumption of influence area. The
kve was derived based on an equal average degree of consolidation in one dimension, which applied the elliptical coordinate
for degree of consolidation in the radial direction. The formulation is based on an elliptical cross-section and a cylindrical
coordinate formulation. The validation of this formula is conducted with numerical calculations using 2D FEM. The results
show that the consolidation time in the elliptical discharge area is shorter than that in the circular discharge area.
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1. Introduction

Soft soil is one of the problems found in the construction world. The high compressibility of soft soil causes damage
to road construction and buildings. One method to stabilize soft clay soil is Prefabricated Vertical Drain (PVD). It works
effectively and efficiently as a vertical drain to accelerate the consolidation process of soft clay soil.

Prefabricated vertical drain (PVD) installation is cost-effective and easy [1]. It is the axis or channel sheet of a
composite geosynthetic system, which consists of a polymer inner core with flow path grooves on both sides and an
outer nonwoven geotextile filter jacket. PVD accelerates consolidation by removing water in fine-grained soils [2-9].
Most of the researchers assume the area of influence of the PVD is circular or cylindrical. Several equations were
published to calculate the equivalent diameter of the axis channel with different considerations, yielding different results
[10]. The most important issue discussed in PVD designs is the determination of the equivalence of the diameter of the
tapered drain with the radial drain, which determines the size of the inlet surface [2]. The difference between the
rectangular PVD and the circular equivalent diameter quietly affects the flow line [11]. Chai et al. [12] introduced the
kve as a simple method to represent the equivalent vertical permeability of soil and PVD. The 3-dimensional analysis for
embankment and PVD-cased designs recommended the equivalent permeability for practice [13].
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Considering the real size of PVD [14] analytical solution in elliptical cylinder more realistic instead of cylinder. A
study of the elliptical cylinder of PVD derived the average degree of consolidation and assessed the accuracy of the
solution. The non-linear consolidation equation based on the elliptical coordinate for vertical drainage, considering the
non-linear changes of the permeability and compressibility coefficients of soft soil during the consolidation process,
was derived [14]. The difference between the elliptical cylindrical and the cylindrical models is the equivalent average
horizontal drainage distances. The analytical solution of vacuum preloading and consolidation with PVD was also
delivered by this assumption [15]. This study is proposed to derive the formulation of ke, based on an elliptic cylindrical
model. The verification of the formulation is delivered by embankment on soft soil, compared to the cylinder model.

2. Theory of PVD as a Cylindrical Body
2.1. Basic Theory
The fundamental consolidation theory is Terzaghi’s one-dimensional consolidation, which can be written as:

a 9% k
6_1:= va_zuz; y = — (1)

MyYw

where C, is the vertical consolidation coefficient, u is the excess pore pressure, t is the real-time, z is the position of the
soil deposit, ky is the permeability coefficient in a vertical direction, m, = the coefficient of vertical compression, and yw
is the unit weight of water. Equation 1 is derived under the assumption that the dissipation of water is only in a vertical
direction.

PVD works to accelerate the settlement under the loading stage due to the primary consolidation of soil. The water
flows mainly in the horizontal direction because the spacing between PVD is shorter than the vertical direction flow to
porous layer soil. The following radial (horizontal) consolidation theory was proposed by Barron (1948) [16]:
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where Cy is the horizontal consolidation coefficient (m?/s); k, = the horizontal coefficient of permeability. The
combination of vertical and horizontal flow consolidation is derived from Equation 3 proposed by Carrillo (1942) [17]:
w_ o % (Ph 10
6_t =G 9z2 +Ch (arz + r a‘r) (3)
The consolidation progress had been estimated by the average degree of consolidation U. The initial pore water
pressure distribution and the time factor data were used to calculate the degree of consolidation in the vertical direction.
Meanwhile, the degree of radial consolidation was developed by Baron in 1948 [16] as Equation 4:

—-8T Cpt
Uh=1—€xp[7h]iTh=# (4)

where: t is time of consolidation (s); D is diameter of unit of PVD influence area (m); Fy is drain distance factor is
In(D/dw)- %; dw is PVD equivalent diameter.

Generally, PVD is installed in a square or triangular pattern. With the area of influence, the equivalent diameter of
arectangle D is equal to 1.13 S, and D is equal to 1.05 S for a triangular pattern, where S is the spacing between PVDs.
The theory of consolidation with radial drainage assumes that the water in the soil flows horizontally in a circular section
to PVD. The radial consolidation equation considers the vertical drainage diameter (dw). This dw value is the cylindrical
diameter of the drainage column if the vertical drainage is made of sand columns. PVD bands typically have a width of
100-120 mm and a thickness of 3—-6 mm. The cross-section is not circular; therefore, the equivalent area in circular must
be expressed in terms of the equivalent diameter, dy, notation. The equivalent diameter of the PVD is defined as the
diameter of the drainage circle, which has the same drainage capability as the PVD (Figure 1).

/ R

Figure 1. PVD pattern (left: square pattern; right: triangle pattern)
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In many conditions, the equivalent diameter (dw) can be considered independent of the soil layer conditions, soil
properties, and the effect of PVD installation, but it depends only on the drainage geometry and configuration. Figure 2
shows the mandrel that is used to install PVD in the soft soil layer. It must be strong enough to prevent bending or
buckling. The soft soil would be analyzed in the smear zone due to the disturbed zone.

. a , equivalent diameter
2(atb)
__,-"‘"_““"‘--._‘ / dw:T
TN, _{a+b)
w2

filter

@)
Figure 2. (a) Cross-section of PVD and mandrel, (b) PVD Equivalent Diameter

In the design, the equivalent diameter is determined by surface area of the vertical drainage in a circle that is the
same as or equivalent to the surface area of the vertical drain as [9] estimate ndw = 2(a+b). Thus, the equivalent diameter
is:

_ 2(atb)
- T

d, (%)

where a is typical width, b is thickness of PVD.

The other researchers proposed dw in Table 1 based on different considerations. The equations are considered as a
throttle to control the drain [18]. The equation was established by considering the cross-sectional area of a PVD. The
development of dy is based on similar discharge in equivalent circular when it is subjected to pressure-controlled
pumping conditions [2]. However, a definitive recommendation is available regarding the validity of these equations.

Table 1. PVD diameter equivalent formula

Reference Equivalent equation
Hansbo [9] d, = 2.(b+9)
s
Atkinson & Eldred [18] d, = @
Fellenius & Castonguay [19] d, = @
T
Long & Covo [10] d, =05b+0,7b
Abuel-Naga & Bouazza [2] d, = 0,45b

2.2. Modelling PVD in Plane Strain Analysis

Modeling the effects of prefabricated vertical drainage (PVD) in element analysis as plain strain has been widely
applied. Methods are classified into four groups, which are solid elements, macro elements, one-dimensional (1D)
drainage elements, and equivalent vertical hydraulic conductivity (k.), respectively. In the k.. method, the PVD-
improved soil layer can be analyzed in the same way as the unimproved soil. For all methods, the average degree of
consolidation in the plane strain analysis is matched with axisymmetric conditions by modifying the hydraulic
conductivity of the soil layer and/or discharge capacity or distance of the plane strain channel. The effectiveness of the
kve method has been investigated by a large-scale model test of PVVD consolidation and numerical results. The method
is acceptable under axisymmetric conditions.

Chai et al. [12] developed an analysis of the degree of consolidation by increasing the mass of the hydraulic
conductivity, which provides different formulas for the degree of vertical and horizontal consolidation. Generally,
vertical drainage increases the hydraulic conductivity of the subsoil mass in the vertical direction. It is much more logical
to determine the vertical hydraulic conductivity, which represents the vertical drainage effect of the natural soil layer
and the radial drainage effect due to PVD installation [13]. The solution for the equivalent vertical hydraulic conductivity
is as follows:

e = (1 + 25550 (©)

uD? ky
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3. Theoretical of PVD as Elliptic Cylindrical

3.1. The Performance PVD in Elliptical Coordinate

Vol. 9, No. 07, July, 2023

According to Huang et al. [14], the shape of PVD is more appropriately considered to be equivalent ellipsoids when
it is compared using cylindrical equivalent methods. The width b is much greater than the thickness 3, which is why it

is more reasonable for the strip PVD to be equivalent to an elliptical cylinder as Figure 3.

5]

i) 6j ée
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prefabricated vertical drain
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Figure 3. Equivalent elliptical model and PVVD

The assumption of the drainage body that the smear zone and influence are all simplified as cylindrical ellipses is as

follows:

o Lateral deformation was ignored, and the vertical deformation at each point at the same depth is the same. The
strain is defined only by vertical deformation.

the upward discharge of it.

The seepage follows Darcy's flow in a horizontal direction, and pore water pressure is the same in a radial direction.

The water flow at a cross-section interval time from the soil at any depth z to the drain is equal to an increment in

The compression behavior of drain, smear zone, and undisturbed soil is similar, while the conductivity coefficients
of the three are different.

The water is released to the upper surface of the unit cell while the boundaries of the other unit cells are closed.

The radial and vertical seepage can be determined separately based on Carrilo's law, whereas the vertical seepage
might be calculated according to Terzaghi's one-dimensional consolidation theory.

The physical model of vertical drain based on an elliptical cylinder is illustrated in Figure 4. Notation of pw is the
diameter of the elliptical cylinder drainage, ps is the diameter of the confocal elliptical cylinder smear zone, pe is the
diameter of the confocal elliptical influence area, u is the excess pore water pressure in the soil, kw is the permeability
coefficient of the PVD, and ks is the permeability coefficient of the smear zone. The single PVD drainage and the
elliptical area equivalence estimate appropriate parameters of drainage range.

acoshg,
% w.coshgy

+— prefabricated drain
ks
| —a———— smear zone
& :
—+— undisturbed zone

acoshp,

Figure 4. Elliptical equivalent model of PVD
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When the PVD is arranged in a triangle pattern:

1.
pe = ;asin h (?— ©)

De = %asin h (%Z—j) €))

The function "a sinh' represents the inverse function of the hyperbolic sine function 'sinh’. S is space from the center
to the center of PVD.

a = [(1.04b)? — (1.225)? )

The formulations for the consolidation of the PVD in elliptic cylindrical coordinates are derived in Equations 10 and
11.

dey oup

PRl (10)
ks _ 1 (62u 62u) _ 0sy

yw _ a2(cosh? p—cos20) \dp2 = 862) ~ ot s PwsP<Ps

k_h _ 1 (62u 0%u (11)

_ dgy |
yw  a?(cosh? p—cos? 0) \dp? + 692) = T3¢ PssPsPe

where ey is the volumetric strain, u is the radial excess pore water pressure, and ,is the average radial excess pore water
pressure in the elliptic cylindrical coordinates. These are the basic consolidation equations in the elliptical cylindrical
coordinate system. The partial differential equation is obtained by some boundary conditions as Equation 12.

0%, 0%, 2 01y (12)
92zot 02z 0z
where;
2k,
1= - (12-3)
myYwFra“ sinh pe cosh pe
1 (sinh2 2k
x? = (smhzee _ ) 2k (12-b)
Yw \sinh 2p,, Fpa? sinh p, cosh pe

The method of separation of variables is applied to solve by assuming that PVD is ideal drainage to derived simple
average 2D consolidation model [14] to reach Equation 13.

Upr = Uzy =1 —exp(—4.1) (13)
where:
_ 2mCp
A= AgFn (13-a)
A, = gaz sinh 2p, (13-b)

Fn is average excess pore pressure distribution parameter under elliptical cylinder theory: %Fws + F.and tis time.
S

3.2. Derive kve based on Elliptic Cylindrical Model

The equivalence value of the vertical hydraulic conductivity kv was derived based on the average degree of
consolidation under 1D conditions. Carrillo's theoretical solution was used to combine the effects of vertical and radial
drainage [20].

Up=1-(1-U,)(1-Up) (14)

where; Uy, is average degree of consolidation in subsoil with PVD, U; is average degree of consolidation due to radial
drainage, Uy is average degree of consolidation due to vertical drainage.

U,=1—-exp(—C,T,) (15)

where; Cqis constant= 3.2 [12].
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The Uy was influenced by equivalent vertical permeability coefficient (kev). The following flow chart (Figure 5)
explain how the coefficient was derived.

U,=1- exp(_CdTv)
=1—exp(—3.2T,)

=1-exp(-32 —)

myywH?

Up =1 —exp(—At)
2nCpt Eq. (14) » Formulation
=1 exp(- =)

U, =1—exp (—3.2 M)

myYwH?

Figure 5. Derivation of equivalent vertical conductivity based on elliptic cylindrical model
The equivalent vertical conductivity can be expressed as

e = (1422580003 3 (16)

Ae.Fp.ky

4. Verification on Formulation

Previous study is recognized have deep soft soil deposits in Gempol-Pasuruan Toll Road, East Java, Indonesia [20].
The deposit consisted of normally consolidated clayed silt in 17 m depth. The index compression was 0.445, natural
water content was 50.5%, and organic content was 3.3%. The groundwater level was about 1 m below the ground
surface. The subsoil layer under soft clay is clayed silt and gravel from 18.0 m to 24.5 m in depth. The measurement of
embankment: breadth = 13.6 m; depth=10.2 m (including a 0.5 m sand mat); slope 1:2. The parameter of soil was in
Table 2. The PVDs were installed 17 m in depth with a spacing of 1m in triangle pattern. The area of the improved zone
was 37.2 x17 m. The subsoil below soft soil is porous compare to clayey silt in which two ways of drainage were applied
in the PVVD-improved zone.

Table 2. Soil layer parameters

Parameter Depth (m)
0.0-17 17-215 215-245
Layer 1 2 3
Type of soil Clayey silt Clayey silt, sand, and gravel Silty Sand Embankment Sand Mat
Material Model Soft Soil Mohr-Coulomb Mohr-Coulomb Hardening Soil Mohr-Coulomb
Type Undrained Drained Drained Drained Drained
Ysat (KN/m?) 15.0 18.9 17.3 11.238 21.2
Yary (KN/m®) 8.4 14.3 114 9.241 16.269
Cohesion (KN/m?) 35 26.5 15.7 25 29.42
Shear strength (*) 10.5 17 25 20 14
kx (m/day) 0.00864 0.00864 8.64 0.0864 8.64
ky (m/day) 0.00864 0.00864 8.64 0.0864 8.64
C. 0.445
Cs 0.0636
€0 21 0.8 13
Poisson Ratio (v) 0.5 0.25 0.3 0.2 0.2
E (KN/m?) - 28200 210000

For the case, the improved area was assumed as two conditions; circular cylindrical and elliptic cylindrical models
of vertical drain. The hydraulic conductivity of PVDs and soft soil was determined by vertically equivalent conductivity
in Equations 6 and 16 and Table 3.
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Table 3. Parameter related to the behavior of PVD to determine kve

Elliptic cylindrical

Circular cylindrical

Item Symbol  Value Item Symbol Value
Diameter of influence area (m) Pe 34 Drain diameter (m) dw 0.006618
Diameter of drainage (m) Pw 0.047 Unit cell diameter (m) D 1.05
Diameter of smear zone (m) Ps 0.096 D/dy n 15.8
re/fw n 15.1 Smear zone diameter (m) ds 0.287
Ity s 1.0 Ratio ki, over ks in field (kn/ks)s 3
Physical parameter Fa 1.998 Discharge capacity (m®/s) Qu 86.4
Cross sectional area (m?) Ae 1.948
Coefficient A 0.0247  Equivalent conductivity (m/s) Kye 0.00915
Equivalent conductivity (m/s) Kye 0.0101

The 2D FEM analysis was executed to determine settlement and pore water pressure due to the consolidation process.
The total settlement embankment was 2.02 m based on the elliptic cylindrical model in Figure 6. The result of FEM for
the circular cylindrical model exhibited almost a similar value of 2.03 m. The maximum excess pore pressure occurred

out of the improved area.

[m)

2.200

2.000

1.800

H 1.600

H 1.400

H 1.200

H 1.000

I~ 0.800

0.600

0.400

0.200

-0.000

-0.200

Total displacements (Utot)
Extreme Utot 2.02m

Figure 6. Total displacement in an ellipse for 1 m spacing

Based on the result shown in Figure 7 by comparing the settlement curves of elliptic cylindrical and circularly
cylindrical models, the proposed model resulted in a slightly faster consolidation rate and was consistent with the result
of excess pore pressure. FEM analysis also resulted pore-pressure dissipation rate at Figure 8 which is insignificant
result. The proposed model consumed 167 days to reach a ninety percent degree of consolidation, while the circular

model required 174 days.
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Figure 7. Distance factor on degree of consolidation
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Figure 8. Excess pore pressure variation

5. Conclusion

The degree of horizontal consolidation is expressed in elliptical coordinates, and the degree of vertical consolidation
based on the Terzaghi 1D theory and the Carrillo theoretical combination theory derives the formula for the equivalent
1.96.kp.H?

Ag.Fp.ky
showed that the kye value for the elliptical cylindrical model, which was 0.0101 cm/sec, was greater than that for the
circular cylindrical model, which was 0.00915 cm/sec. The degree of consolidation of 90% was achieved by the elliptical
cylindrical model in a shorter time, namely 167 days, but the length of time was not significantly different from that
required by the circular cylindrical model to reach the degree of consolidation of 90%, which was 174 days. The circle
cylindrical model has been used as a reliable method. Accordingly, the k.. formulation with an elliptical model can also
be recommended as a simple approximate method for practical purposes.

vertical conductivity coefficient as: k,,, = (1 + ) kv. The analysis applied to the road embankment on soft soil

6. Declarations
6.1. Author Contributions

Conceptualization, Y.Z., H., and G.R.K.; methodology, Y.Z. and G.R.K.; software, Y.Z. and G.R.K.; validation,
Y.Z., G.R.K. and H.; formal analysis, Y.Z., H. and G.R.K.; investigation, Y.Z. and G.R.K.; data curation, G.R.K. and
H.; writing—original draft preparation, H. and G.R.K.; writing—review and editing, Y.Z. and G.R.K.; visualization,
G.R.K.; supervision, Y.Z. All authors have read and agreed to the published version of the manuscript.

6.2. Data Availability Statement

The data presented in this study are available in the article.

6.3. Funding

The research and publication of this paper have been made possible due to financial support by research grant
Brawijaya University, Indonesia.

6.4. Conflicts of Interest

The authors declare no conflict of interest.

7. References

[1] Lu, M., Li, D., Jing, H., & Deng, Y. (2019). Analytical Solution for Consolidation of Band-Shaped Drain Based on an Equivalent
Annular Drain. International Journal of Geomechanics, 19(6). doi:10.1061/(asce)gm.1943-5622.0001423.

[2] Abuel-Naga, H., & Bouazza, A. (2009). Equivalent diameter of a prefabricated vertical drain. Geotextiles and Geomembranes,
27(3), 227-231. doi:10.1016/j.geotexmem.2008.11.006.

[3] Lorenzo, G. A., Bergado, D. T., Bunthai, W., Hormdee, D., & Phothiraksanon, P. (2004). Innovations and performances of PVD
and dual function geosynthetic applications. Geotextiles and Geomembranes, 22(1-2), 75-99. doi:10.1016/S0266-
1144(03)00053-0.

1667



Civil Engineering Journal Vol. 9, No. 07, July, 2023

[4] Rowe, R. K., & Li, A. L. (2005). Geosynthetic-reinforced embankments over soft foundations. Geosynthetics International, 12(1),
50-85. doi:10.1680/gein.12.1.50.59424.

[5] Shen, S. L., Chai, J. C., Hong, Z. S., & Cai, F. X. (2005). Analysis of field performance of embankments on soft clay deposit with
and without PVD-improvement. Geotextiles and Geomembranes, 23(6), 463—485. doi:10.1016/j.geotexmem.2005.05.002.

[6] Li, A. L., & Rowe, R. K. (2001). Combined effects of reinforcement and prefabricated vertical drains on embankment
performance. Canadian Geotechnical Journal, 38(6), 1266—1282. doi:10.1139/t01-059.

[7] Arivalagan, J., Indraratna, B., Rujikiatkamjorn, C., & Warwick, A. (2022). Effectiveness of a Geocomposite-PVD system in
preventing subgrade instability and fluidisation under cyclic loading. Geotextiles and Geomembranes, 50(4), 607-617.
doi:10.1016/j.geotexmem.2022.03.001.

[8] Rowe, R. K., & Taechakumthorn, C. (2008). Combined effect of PVDs and reinforcement on embankments over rate-sensitive
soils. Geotextiles and Geomembranes, 26(3), 239-249. doi:10.1016/j.geotexmem.2007.10.001.

[9] Hansbo, S. (1979). Consolidation of Clay by Band-Shaped Prefabricated Drains. Ground Engineering, 12(5), 16-18, 21.
doi:10.1016/0148-9062(80)90141-2.

[10] Long, R. P., & Covo, A. (1994). Equivalent diameter of vertical drains with an oblong cross section. Journal of Geotechnical
Engineering, 120(9), 1625-1630. doi:10.1061/(ASCE)0733-9410(1994)120:9(1625).

[11] Welker, A. L., & Herdin, K. M. (2003). Evaluation of four equivalent diameter formulations for prefabricated vertical drains
using flow rates. Geosynthetics International, 10(3), 103-109. doi:10.1680/gein.2003.10.3.103.

[12] Chai, J.-C., Shen, S.-L., Miura, N., & Bergado, D. T. (2001). Simple Method of Modeling PVD-Improved Subsoil. Journal of
Geotechnical and Geoenvironmental Engineering, 127(11), 965-972. doi:10.1061/(asce)1090-0241(2001)127:11(965).

[13] Karstunen, M., & Yildiz, A. (2008). Three-dimensional analyses of PVD-improved soft soils. Geotechnics of Soft Soils: Focus
on Ground Improvement, 197—203. doi:10.1201/9780203883334.ch23.

[14] Huang, C., Deng, Y., & Chen, F. (2016). Consolidation theory for prefabricated vertical drains with elliptic cylindrical
assumption. Computers and Geotechnics, 77, 156—166. doi:10.1016/j.compge0.2016.04.015.

[15] Tian, Y., Wu, W.,, Jiang, G., Hesham El Naggar, M., Mei, G., & Ni, P. (2019). Analytical solutions for vacuum preloading
consolidation with prefabricated vertical drain based on elliptical cylinder model. Computers and Geotechnics, 116, 103202.
doi:10.1016/j.compge0.2019.103202.

[16] Barron, R. A. (1948). Consolidation of fine-grained soils by drain wells by drain wells. Transactions of the American Society of
Civil Engineers, 113(1), 718-742. doi:10.1061/TACEAT.0006098.

[17] Carrillo, N. (1942). Simple two and three dimensional case in the theory of consolidation of soils. Journal of Mathematics and
Physics, 21(1-4), 1-5. doi:10.1002/sapm19422111.

[18] Atkinson, M. S., & Eldred, P. J. L. (1981). Consolidation of soil using vertical drains. Geotechnique, 31(1), 33-43.
doi:10.1680/geot.1981.31.1.33.

[19] Fellenius, B. H., & Castonguay, N. G. (1985). The efficiency of band shaped drains: a full scale laboratory study. Report to
National Research Council and the Industrial Research Assistance Programme, 1(2), 27-35.

[20] Zaika, Y., Rachmansyah, A., & Harimurti. (2019). Geotechnical behaviour of soft soil in East Java, Indonesia. IOP Conference
Series: Materials Science and Engineering, 615(1), 12043. doi:10.1088/1757-899X/615/1/012043.

1668


https://doi.org/10.1016/j.geotexmem.2022.03.001
https://doi.org/10.1061/TACEAT.0006098



