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Abstract 

The target of this study is to reduce the impact of initial imperfection on the nonlinear dynamical performance of laminated 

composite plates by taking advantage of the orthotropic characteristics of laminated composite plates by changing carbon 

fiber sawing in the mass matrix and fiber orientation with different patterns and studying the effect of this optimization 

without and with initial imperfection (Wo) and different aspect ratios (W/L) and various boundary conditions through 

analyzing the load-displacement responses for plates under axial in-plane compressive loads by using the FORTRAN 94 

programming language. Von-Karman's assumptions are utilized to include geometric nonlinearity for nine node 

isoperimetric quadrilateral components with five degrees of freedom into the structural model, which is based on first-

order shear deformation theory. The Newmark’s implicit time integration method and Newton-Raphson iteration 

concurrently are employed to solve the nonlinear governing equation in conjunction. The study proved the effectiveness 

of the carbon fiber's varying geometric distribution and the difference in its directions in reducing the negative effects of 

the initial imperfection on the large elastic-plastic displacement and critical buckling. To highlight the veracity of the 

results, some of them have been validated against those found in the literature review. 

Keywords: Initial Imperfection; Composite Laminated Plates; Distribution Carbon Fiber; Orientation Carbon Fibers; Optimization; 

Dynamic Stability; Elastic-Plastic Displacement. 

 

1. Introduction 

Laminated composite plates have become the focus of many researchers since they are categorized as orthotropic 

(anisotropic) materials. Taking into account the fact that its constituent materials (reinforcement and a matrix) retain 

their chemical, physical, and mechanical properties, Stephen W. Tsai was one of the first to lay the modern foundations 

for understanding the behavior and resistance of these materials as well as the forms of occurrence of total and partial 

failure of a layer without others. Since the micromechanical approach studies the volume proportions of the constituents 

for the desired lamina stiffness and strength, it is found to be more appropriate for the analysis of composite materials 

[1]. The Tsai theory met the steady-state coordinate transformation requirements, took the interaction terms into account 

as separate components, took into account the difference in strengths caused by positive and negative stresses, and was 

specialized to take into account various material symmetries, multi-dimensional space, multi-axial stresses, and 

measured off-axis uniaxial. Tsai's theory was supported by the off-axis uniaxial and pure shear data's agreement with 

the predicted values [2]. According to failure theories based on interactive failure criteria, the lamina's failure is predicted 

by a single polynomial, often a quadratic equation containing all the stress components. By taking into account all of 
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the stress factors, as the failure theories in this category do, this failure criteria more closely links the theoretical values 

and the tests [2–5], and failure theories based on failure criteria that determine mode of failure Independent and 

interactive failure criteria give no information regarding the mode of failure. The failure mode and failure mode are 

predicted by the mode-determining failure criteria. As Hashin-Rotem (1973) points out, these failure criteria comprise 

different polynomial equations for each failure mode, such as fiber tension, matrix tension, fiber compression, matrix 

compression, and so on [6]. 

Based on the above concepts and the characterized ability of orthotropic materials to acquisition improvements in 

their hybrid properties and possibility represented the initial imperfection as a percentage of the total thickness of the 

laminated composite plate, was adopted the effectiveness the variable orientation of fiber for orthogonal layers ,changing 

the distribution pattern for carbon fibers and figuration of fibers as basic paths in making improvements in this type of 

plats and reducing the negativism effects of many deficiencies and manufacturing deformations, and gave flexibility in 

developing design requirements, the variable orientation of fiber for orthogonal layers was a first pathway the researchers 

took since 1973 by Adams and Bacon and proved the effectiveness of this optimizations on the dynamic performances 

of laminated composite plate [7]. In 1990, Brown introduced the concept of a variable fiber distribution in the mass 

matrix for the composite laminate by Leissa & Martine [8]. 

The first to prove the effectiveness of changing the figuration of straight fibers into a regular geometric wave on 

increasing the dent resistance of composite panels was Pandey in 1999 [9]. The researchers worked on developing the 

theories, foundations, and previously conducted research studies by achieving and proving relationships between the 

improvements associated with the direction, distribution, and figuration of the fibers, either alone or in combination, in 

the interfacial (orthotropic) structural of the laminated composite plates and their dynamic performance in their linear 

and nonlinear behavior with the variety of loading conditions, boundary conditions, and temperatures, the various design 

requirements, such as the holes, the variation in thickness, the various aspect ratios (W/L), etc. Important studies related 

to the main subject of this study (reducing the negativism effects of initial imperfection by resorting to optimizations in 

the direction and distribution of fibers) are highlighted in the literature of this study, which showed that this study is 

unique in its analyzed approach, as it will follow an innovative inductive pattern that enables specialists in the 

manufacture of composite panels to invest in the orthotropic mechanical properties of laminated composite plate to get 

the best dynamic performance without having to change the geometric features such as thickness, dimensions, aspect 

ratio, or slenderness ratio.  

2. Literature Review 

Many research paths have been taken in analyzing the imperfect laminated composite plates, linearly, non-linearly, 

statically, and dynamically, that often occur during the industry stages because of the employment of heat, cooling, 

hammering, and pressing during their manufacture or installation in structures. Studies that focused on studying the 

initial deficiency and its effects on the bearing capacity of the panels under different conditions and multiple engineering 

and structural parameters The oldest of the studies that have been published was by Williams & Walker (1976), discussed 

the relationship of the mesh size in relation to the first - order finite difference approximation of the derivatives in the 

Van-Karman large defluxion differential equation to determining the real effect of the initial deformed resulting from 

the dynamic relaxation part in the plastic limits and proved that the mesh size (8 × 8) was most accurate in extracting 

the satisfactory value of the collapse stresses of the imperfect plate, this study was not concerned with the laminated 

characteristics of the orthotropic (anisotropic) laminated composite plates and the behavior of the anisotropic materials 

[10].  

Yang et al. (2006) study the effect of the various possible initial geometrical imperfections, such as sine type, local 

type, and global type imperfections, and the effects of decrease parameters, half-wave number, amplitude, and location 

on the post-torsion response of the plates with a uniform temperature change. Although this study deals with the study 

of a different plate from the current study, it shows clearly the effect of the initial imperfection on plates and proves the 

excitement susceptibility of shear deformable functionally graded plates post-buckling for initial geometrical 

imperfections by the imperfection function that takes the form of the product of trigonometric and hyperbolic functions. 

This study is an important reference to show the outstanding performance of the laminated composite plates compared 

with the deformable functionally graded plates for the same percentage of initial imperfection and under the same 

conditions of temperature, boundary conditions, aspect ratio, and slenderness ratio [11]. 

Feddal et al. (2018) conducted a non-linear analysis of a laminated composite plate with eight reinforced layers of 

carbon fibers fixed at all its edges. Are studied with three values of initial imperfection (2, 4, and 6 mm) by the ABAQUS 

program to investigate the effect of fiber orientations in successive layers on the stiffened deficient plate. The study is 

worth mentioning, but it didn't include a value of the buckling strength of the composite plate without the studied added 

geometric properties (stiffness, imperfection, and fiber orientation) to evaluate the impact clearly [12]. The initial 
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imperfections study presented by Ghannadpour & Mehrparvar (2019) was characterized by the fact that it studied the 

geometrically nonlinear behavior of relatively thick composite laminates with two weaknesses in the study model at the 

same time, containing square and rectangular cutouts as initial geometric imperfections. The effects of cutout size, shape, 

and the presence of initial geometric imperfection on plates under uniaxial in-plane compressive load are also studied 

[13]. Al-Ramahee & Abodi (2020) studied the effect of changing the fiber distribution on the dynamic behavior with a 

large damping ratio of the laminated composite plate. They studied the effect of the initial imperfection by changing the 

damping ratio on the dynamic behavior of the laminated composite plate with a variable distribution of fibers according 

to the Lies-Martin equations, but they did not discuss the effect of the initial deficiency on the behavior of the plate [14].  

In the study of Mondal & Ramachandr (2020), the non-linear dynamic pulse torsion of a defective composite panel 

with numerically integrated discharge that represents the openings in the laminated composite plate as an imperfection 

was analyzed. This study's results were chosen to verify the accuracy of the current results and the reliability of the 

programmed and calculated responses of the disassembled plates to different discharge ratios at different layer interfaces 

using the Tsai-Wu quadratic reaction criterion and show the effect of pulse load type (sinusoidal, exponential, and 

rectangular) and plate boundary condition on the trauma spectrum [15]. Cetkovic (2022) This study proved the effects 

of different geometric parameters (aspect ratio, slenderness ratio, lamination scheme, and boundary conditions) on the 

critical buckling temperature of the imperfect laminated composite plate by analyzing the thermal shrinkage of the 

laminated composite plate with initial geometrical imperfection using the MATLAB program and based on the finite 

element theory and Redi's generalized layer theory (GLPT) [16]. Recently, the most interesting path pursued by the 

researchers in search of optimization and minimizing the effect of defects in the laminated composite plate affecting 

their interfacial structure has been the sawing of the fibers in regular geometrical waves. 

In Thor et al. (2022), the compatibility of the numerical simulation with the experimental data was distinguished in 

this study, as were many parameters studied in the theoretical aspect, such as amplitude, wavelength, and plate thickness. 

The study showed that the failure changed from discharge to crosslinked shear strip formation as sheet thickness 

increased and that wavelength had minor effects compared to sheet amplitude and thickness [17]. Most of the literature 

mentioned in this study and others focused only on the side effects of the initial imperfection on the critical buckling, 

large elastic-plastic displacement, or reducing the bearing capacity in general and did not address the improvements that 

can be made in the structural structure of the laminated composite plates for reducing the imperfection effects, depending 

on the characteristics of the orthotropic materials that endow these materials with a high susceptibility to optimizations. 

Therefore, the current study corrected this through the study of the initial imperfection with the presence of some 

improvements, such as changing the distribution of fibers and changing their direction, to reduce the effect of the initial 

deficiency on the resistance and behavior of the imperfect plates. 

3. Theoretical Formulation 

Consider a laminated composite plate that has dimensions of length a, breadth b, and thickness h and is subjected to 

a compressive force that is applied in a single direction and pulses. Orthotropic material with a material axis parallel to 

the edges is used to create the layers of the composite laminate. Only at the zone of delamination are sub laminates 

separated. 

3.1. Layer Wise Plate Theory 

The laminated composite plate is modeled using Reddy's Generalized Laminated Plate Theory (GLPT) [18]. Here, 

it is assumed that there is a geometric defect in the form of transverse displacement w. In an n-layered plate with 

delamination at ND number of layer interfaces, the total displacement field (u1, u2, u3) along global coordinate 

directions is represented as [15], 

𝑢1(𝑥, 𝑦, 𝑧) =  𝑢(𝑥, 𝑦) +  ∑ 𝑣𝐼 (𝑥, 𝑦)∅𝐼  (𝑧)𝑁
𝐼=1 + ∑ 𝑈𝐼(𝑥, 𝑦)𝐻𝐼  (𝑧)𝑁𝐷

𝐼=1   (1) 

𝑢2(𝑥, 𝑦, 𝑧)  =  𝑣(𝑥, 𝑦)  + ∑ 𝑣𝐼 (𝑥, 𝑦)∅𝐼 (𝑧) 𝑁
𝐼=1  + ∑ 𝑉𝐼(𝑥, 𝑦)𝐻𝐼  (𝑧)𝑁𝐷

𝐼=1   (2) 

𝑢3(𝑥, 𝑦, 𝑧)  =  𝑤∗(𝑥, 𝑦)  +  𝑤(𝑥, 𝑦)  + ∑ 𝑊𝐼(𝑥, 𝑦)𝐻𝐼  (𝑧)𝑁𝐷
𝐼=1   (3) 

N is the number of arithmetic layers, which is equal to (n + 1). Along the global coordinate axes, the middle plane 

displacement components are represented by the letters (u, v, and w). (uI, vI, 0) stands for the displacements at the Ith 

numerical layer relative to the central plane. The linear Lagrange interpolated function φI, which was built by the nodes 

at layer interfaces, interpolates variations of in-plane displacements along the transverse direction. B-spline functions 

interpolate the in-plane variation of in-plane and out-of-plane displacements (Figure 1). Delamination is represented as 

displacement components (UI, VI and WI) using the Heaviside step method and is modeled as a jump discontinuity in 

the displacement field. 
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Function HI (Equation 4). Here, superscript I denotes the Ith numerical layer: 

𝐻𝐼(𝑍) = {
1                𝑓𝑜𝑟 𝑧 ≥ 𝑧𝐼

  
2               𝑓𝑜𝑟 𝑧 < 𝑧𝐼

  (4) 

 

Figure 1. 1D and 2D cubic B-spline basis functions [19] 

Using von Kármán strain-displacement equations as shown in Equations 5 to 11 for linear components and Equation 

12 for nonlinear components, the current issue assumes minor stresses with relatively substantial displacement. 

𝜖𝑥𝑥
𝐼 = 𝑢1,𝑥  =  𝑢,𝑥 + ∑ 𝑢,𝑥

𝐼  𝜙𝐼 +𝑁
𝐼=1  ∑ 𝑈,𝑥

𝐼  
𝐻𝐼  (𝑧)𝑁𝐷

𝐼=1   (5) 

𝜖𝑦𝑦=
𝐼 𝑢2, 𝑦 =  𝑣, 𝑦 + ∑ 𝑣,𝑦

𝐼  𝜙𝐼𝑁
𝐼=1 + ∑ 𝑉,𝑦

𝐼  
𝐻𝐼  (𝑧)𝑁𝐷

𝐼=1   (6) 

𝛾𝑥𝑦
𝐼 = 𝑢1,𝑦 + 𝑢2,𝑥 = 𝑢,𝑦  +  𝑣,𝑥 , 𝑥 + ∑ (𝑢.𝑦

𝐼 + 𝑣,𝑥
𝐼 ) 𝜙𝐼𝑁

𝐼=1  +  ∑ (𝑈.𝑦
𝐼 + 𝑉,𝑥

𝐼) 𝐻𝐼𝑁𝐷
𝐼=1   (7) 

𝛾𝑥𝑧
𝐼 =  𝑢1,𝑧 + 𝑢 

 
3,𝑥

=  𝑤,𝑥 + ∑ 𝑢 
𝐼 𝜙,𝑧

𝐼𝑁
𝐼=1 + ∑ 𝑊.𝑥

𝐼 𝐻𝐼𝑁𝐷
𝐼=1   (8) 

𝛾𝑥𝑧
𝐼 =  𝑢2,𝑧 +  𝑢 

 
3,𝑦

=  𝑤,𝑦 + ∑ 𝑣 
𝐼  𝜙,𝑧

𝐼𝑁
𝐼=1 + ∑ 𝑊.𝑦

𝐼  𝐻𝐼𝑁𝐷
𝐼=1   (9) 

𝜖𝑥𝑥
𝑁𝐿 =  

1

2
 ( 𝑤,𝑥) 2𝑤,𝑥𝑤,𝑥

∗ + ∑ (𝑤,𝑥𝑊,𝑋
𝐼 𝐻 

𝐼𝑁𝐷
𝐼=1 + 𝑤,𝑥

∗ 𝑊,𝑥
𝐼𝐻𝐼) +

1

2
∑  𝑁𝐷

𝐼=1 ∑ 𝑊,𝑥
𝐼𝑊,𝑥

𝐼𝐻𝐼𝐻𝐽𝑁𝐷
𝐼=1   (10) 

𝜖𝑦𝑦
𝑁𝐿 =  

1

2
 ( 𝑤,𝑦) 2𝑤,𝑦𝑤,𝑦

∗ + ∑ (𝑤,𝑦𝑊,𝑌
𝐼 𝐻 

𝐼𝑁𝐷
𝐼=1 + 𝑤,𝑦

∗ 𝑊,𝑦
𝐼 𝐻𝐼) +

1

2
∑  𝑁𝐷

𝐼=1 ∑ 𝑊,𝑥
𝐼𝑊,𝑥

𝐼𝐻𝐼𝐻𝐽𝑁𝐷
𝐼=1   (11) 

𝛾 𝑥𝑦
𝑁𝐿 = 𝑤,𝑥

 𝑤,𝑦 + 𝑤,𝑦𝑤 ,𝑥 
∗ + 𝑤,𝑥𝑤,𝑦 

∗ + ∑ (𝑤,𝑥𝑊,𝑦
𝐼  𝐻 𝐼𝑁𝐷

 𝐼=1 + 𝑤,𝑦𝑊,𝑥
𝐼  𝐻 𝐼) + ∑ 𝑤,𝑥

∗ 𝑊,𝑦
𝐼  𝐻 𝐼𝑁𝐷

 𝐼=1 + 𝑤,𝑥
∗ 𝑊,𝑥

𝐼 𝐻 𝐼) +

∑  𝑁𝐷
𝐼=1 ∑ 𝑊,𝑥

𝐼𝑊,𝑦
𝐽𝐻𝐼𝐻𝐽𝑁𝐷

𝐼=1   
(12) 

There are no strain components in the plate's initial imperfection. Therefore, the initial imperfection-related strain 

components (Equation 13) are subtracted from the total strain 

𝜖𝑥𝑥
∗ =

1

2
 (𝑤,𝑥

∗  )2; 𝜖𝑦𝑦
∗ =

1

2
(𝑤,𝑦

∗  )2; 𝜖𝑥𝑦
∗ = 𝑤,𝑥

∗ 𝑤,𝑦
∗ ; 𝜖𝑥𝑧

∗ = 𝑤,𝑥
∗ ; 𝜖,𝑦

∗ = 𝑤,𝑦
∗   (13) 

The global stresses {𝜎} 𝑘 =  {σ𝑥𝑥 , σ𝑦𝑦 , τ𝑥𝑦 , τ𝑥𝑧 ,  τ𝑦𝑧y}𝑘𝑇
in the kth lamina are related to global strain components 

{ε} 𝑘  =  {ε𝑥𝑥 , ε𝑦𝑦𝑦, γ𝑥𝑦 , γ𝑥𝑧 , γ𝑦𝑧}𝑘𝑇
using the transformed constitutive matrix Qk along global coordinate direction as, 

σ𝐾  =  Q𝐾  ε𝐾  (14) 

The governing equilibrium equations of the imperfect plate subjected to pulse loading is derived from the Hamilton’s 

principle and is stated as, 
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δ ∫ (𝑇 − Π)𝑑𝑡
𝑡2

𝑡1
=  0  (15) 

where, δT is the first variation of kinetic energy and δΠ is the first vatiation of total potential energy (U − V). The first 

variation of total strain energy (δU) is divided into linear δUNL (Equation 16) and nonlinear δUNL (Equation 17) parts 

with the stress resultants written as in Equation 12. 

𝛿𝑈𝐿 = ∫ [𝑁𝑥𝑥𝛿𝑢,𝑥 , + 𝑁𝑦𝑦𝛿𝑣,𝑦  +  𝑁𝑥𝑦(𝛿𝑢,𝑦  +  𝛿𝑣,𝑥 ) + 𝑄𝑥𝑥𝛿𝑤,𝑥 , + 𝑄𝑦𝛿𝑤,𝑦  + ∑  𝑁
𝐼=1 ( 𝑁𝑥𝑥

𝐼 𝛿𝑢,𝑥
𝐼 + 𝑁𝑦𝑦

𝐼 𝛿𝑣,𝑦
𝐼 +

 

𝛺

 𝑁𝑥𝑦
𝐼 ( 𝛿𝑢,𝑦

𝐼 +  𝛿𝑣,𝑥
𝐼  ) +  𝑄𝑥

𝐼 𝛿𝑢 
𝐼 +  𝑄𝑦

𝐼 𝛿𝑣𝐼) + ∑ (𝑁̅𝑥𝑥
𝐼 𝛿𝑈,𝑥

𝐼 + 𝑁̅𝑦𝑦
𝐼 𝛿𝑉,𝑦

𝐼 +  𝑁̅𝑥𝑦
𝐼 ( 𝛿𝑈,𝑦

𝐼 +  𝛿𝑉,𝑥
𝐼𝑁𝐷

𝐼=1  ) +  𝑄̅𝑥
𝐼 𝛿𝑊,𝑥

𝐼 +

 𝑄̅𝑦
𝐼 𝛿𝑊,𝑦

𝐼  ]𝑑𝛺   

(16) 

𝜹𝑼𝑵𝑳 = ∫ [ 𝑁𝑥𝑥𝑤,𝑥𝛿𝑤,𝑥 + 𝑁𝑦𝑦𝑤,𝑦𝛿𝑤,𝑦 + 𝑁𝑥𝑦(𝑤,𝑦𝛿𝑤,𝑦 + 𝑤,𝑥𝛿𝑤,𝑦) + 𝑁𝑥𝑥𝑤,𝑥
∗ 𝛿𝑤,𝑥 + 𝑁𝑦𝑦𝑤,𝑥

∗ 𝛿𝑤,𝑦 + 𝑁𝑥𝑦(𝑤,𝑥
∗ 𝛿𝑤,𝑦 +

 

𝛺

𝑤,𝑦
∗ 𝛿𝑤,𝑥) + 𝑁̅𝑥𝑥

𝐼 (𝛿𝑤,𝑥 ∑ 𝑊,𝑥
𝐼𝑁𝐷

𝐼=1 + 𝑤,𝑥
 ∑ 𝛿𝑊,𝑥

𝐼 + 𝑁̅𝑦𝑦
𝐼 (𝛿𝑤,𝑦 ∑ 𝑊,𝑦

𝐼𝑁𝐷
𝐼=1 + 𝑤,𝑦

∗ ∑ 𝛿𝑊,𝑦
𝐼𝑁𝐷

𝐼=1 )𝑁𝐷
𝐼=1 + 𝑁̅𝑥𝑥

𝐼 𝛿𝑤,𝑥
∗ ∑ 𝑊,𝑥

𝐼𝑁𝐷
𝐼=1 +

𝑁̅𝑦𝑦
𝐼 𝛿𝑤,𝑦

∗ ∑ 𝑊,𝑦
𝐼𝑁𝐷

𝐼=1 + 𝑁̅𝑥𝑦
𝐼 (𝛿𝑤,𝑥

∗ ∑ 𝑊,𝑦
𝐼𝑁𝐷

𝐼=1 + 𝑤,𝑦
∗ ∑ 𝛿𝑤,𝑦

𝐼𝑁𝐷
𝐼=1 ) + 𝑁̅𝑥𝑦

𝐼 (𝛿𝑤,𝑥 ∑ 𝛿𝑊,𝑦
𝐼𝑁𝐷

𝐼=1 + 𝑤,𝑥 ∑ 𝛿𝑊,𝑥
𝐼𝑁𝐷

𝐼=1 + 𝑤,𝑦
 ∑ 𝑊,𝑋

𝐼𝑁𝐷
𝐼=1 +

𝑤,𝑦 ∑ 𝛿𝑊,𝑋
𝐼𝑁𝐷

𝐼=1 ) + 𝑁̅𝑥𝑥
𝐼𝐽 ∑  

1

2
𝑁𝐷
𝐼𝐽=1 (𝑊,𝑥

𝐽
𝛿𝑊,𝑥

𝐼 + 𝑊,𝑥
𝐼   

 𝛿𝑊,𝑥
𝐽
) + 𝑁̅𝑦𝑦

𝐼𝐽 ∑
1

2
𝑁𝐷
𝐼𝐽=1 (𝑊,𝑦

𝐽
𝛿𝑊,𝑦

𝐼 + 𝑊,𝑦
𝐼 𝛿𝑊,𝑦

𝐽
) + 𝑁̅𝑥𝑦

𝐼𝐽 ∑ (𝑊,𝑦
𝐽
𝛿𝑊,𝑥

𝐼 +𝑁𝐷
𝐼𝐽=1

𝑊,𝑥
𝐼𝛿𝑊,𝑦

𝐽
) ]𝑑𝛺  

(17) 

The force and moment resultants used in energy expressions are computed as: 

(N𝑥,  N𝑦 ,  N𝑥𝑦 ,  Q𝑥 ,  Q𝑦 )  = ∑  𝑁
𝐾=1 ∫ (σ𝑥 , σ𝑦 , τ𝑥𝑦 , τ𝑥𝑧 ,  τ𝑦𝑧)𝑘𝑍𝑘+1

 𝑍𝑘
dz  (18) 

(N𝑥𝑥  ,
𝐼

 
N 𝑦𝑦

𝐼 , N𝑥𝑦𝑥𝑦

𝐼  )  = ∑  𝑁
𝐾=1 ∫ (σ𝑥𝑥 , σ𝑦𝑦 , τ𝑥𝑦)𝑘𝑍𝑘+1

 𝑍𝑘
∅𝐼dz  (19) 

(𝑄𝑥
𝐼 , 𝑄𝑦

𝐼  ) = ∑ ∫ (𝜏𝑥𝑧 , 𝜏𝑦𝑧 )𝑘𝑧𝑘+1

𝑧𝑘

𝑁
𝑘=1 ∅,𝑧

𝐼  𝑑𝑧  (20) 

(N ̅𝑥𝑥

𝐼
,  N̅ 𝑦𝑦

𝐼
,  N̅ 𝑥𝑦

𝐼
,  Q̅ 𝑥

𝐼
,  Q̅ 𝑦

𝐼
 )  = ∑  𝑁

𝐾=1 ∫ (σ𝑥 , σ𝑦 , τ𝑥𝑦 , τ𝑥𝑧 ,  τ𝑦𝑧)𝑘𝑍𝑘+1

 𝑍𝑘
𝐻𝐼dz  (21) 

(N ̅𝑥𝑥

𝐼𝐽
,  N̅ 𝑦𝑦

𝐼𝐽
,  N̅ 𝑥𝑦

𝐼𝐽
,  Q̅ 𝑥

𝐼𝐽
,  Q̅ 𝑦

𝐼𝐽
 )  = ∑  𝑁

𝐾=1 ∫ (σ𝑥 , σ𝑦 , τ𝑥𝑦 , τ𝑥𝑧 ,  τ𝑦𝑧)𝑘𝑍𝑘+1

 𝑍𝑘
𝐻𝐼𝐻𝐽dz  (22) 

Considering consistent mass, the kinetic energy T is expressed as in Equation 15 with the inertia terms expressed as 

in Equation 16: 

𝛿𝑇 = ∫ [ IO(üδu +  v̈δv + ẅδw)  + ∑ IIN
I=1 (üIδu + v̈Iδv + ü¨δuI +  v̈δvI + ∑ ∑ IIJN

J=1
N
I=1 (üIδuJ + v̈I δvJ +

 

Ω

∑ I̅IND
I=1 (Üδu +  V̈Iδv + ẄIδw + üδUI  +  v̈δVI + ẅδWI) + ∑ ∑ I̅IJND

J=1
N
I=1 (üIδUJ + v̈JδVI + ÜJδuI + V̈JδvI) +

∑ ∑ ǏIJND
J=1 (ND

I=1 ÜIδUJ  +  V̈IδVJ + ẄIδWJ]𝑑Ω  

(23) 

(𝐼 0, 𝐼 𝐼 , 𝐼𝐼𝐽, 𝐼𝐼̅ ,  𝐼𝐼̅𝐽 
, 𝐼𝐼𝐽 )𝑇 ∑ ∫ 𝜌𝑘𝑧𝑘+1

𝑧𝑘

𝑁
𝑘=1  [1, 𝜙𝐼 , 𝜙𝐼 𝜙𝐽𝐽 , 𝐻𝐼 , 𝜙𝐼𝐻𝐽 , 𝐻𝐼𝐻𝐽]𝑘  dz  (24) 

where, ρ is the mass density of the material. In the present analysis, the plate is subjected to uniform in-plane compressive 

forces, expressed in the form of stresses σ𝑥𝑥
0  , σ 𝑦𝑦

0 and τ 𝑥𝑦
0 with the stress resultants as: 

(𝑁𝑥𝑥
0 , 𝑁𝑦𝑦

0 , 𝑁𝑥𝑦
0 )  = ∑ ∫ (𝜎 𝑥𝑥

0 , 𝜎𝑦𝑦
0  ,  𝜏𝑥𝑦

0 )
𝑘𝑧𝑘+1

𝑧𝑘

𝑁
𝑘=1  𝑑𝑧  (25) 

The first variation of work done by the applied loading is expressed as: 

𝛿𝑉 = [𝑁𝑥𝑥
0 𝑤,𝑥, 𝛿𝑤,𝑥  +  𝑁𝑦𝑦

0 𝑤,𝑦 , + 𝑁𝑥𝑦
0 (𝑤,𝑥𝛿𝑤,𝑦  +  𝑤,𝑦𝛿𝑤,𝑥  )]𝑑𝛺  (26) 

In the present analysis in-plane force in x direction only is acting on the plate and hence all other force components 

are neglected i.e. 𝑁𝑦𝑦
0 =  𝑁𝑥𝑦

0 =  0. 
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4. Materials and Methods 

Table 1 is shown the one hundred cases were analyzed non-linearity dynamically of a laminated composite plates 

(h=0.01m) formed four layers thin steel plate fastened by the epoxy matrix reinforced fibers carbon ( Ef = 413.68 

[GPa], Em = 4.3 [GPa], Gf = 172.36 [GPa], Gm = 1.277 [GPa], vf = 0.2, and vm = 0.35 ) are subjected to 800 KN 

uniform in-plane-plane compression load with X-axis direction in a time step (∆t) of 0.0001[sec],were programed 

Newmark integration method with α=1/2, and β=1/4 by the FENSDAAP computer program is coded in FORTRAN 

94 language, which its structure chart is shown in Figure 2 , in order to study the effect of initial imperfection in 

center on the large elastic-plastic displacement of laminated composite plate ,where four cases of initial imperfection 

(wo/h) (0,0,0.25,0.5,1) with a unified distribution fibers, unified direction fibers , three aspect ratio (0.5, 1 and 2) 

when the boundary condition is SSSS, and three boundary conditions (SSSS (all edges simply supported, SCSC (two 

edges in load direction clamped and other two edges simply supported) and CCCC ( all edges clamped)) when the 

aspect ratio is 1, as well as, the same cases of initial imperfection with the same aspect ratios and boundary conditions 

above were analyzed after modification to the model’s inter structure through variable distribution of carbon fibers 

based on the equations of Leissa & Martine (Equations 2-2 and 3-3) as shown in Table 1 with an unified fiber 

direction and then a symmetrical orientation (0, 90, -90, 0) Figure 2 describes the isoperimetric nine-node Lagrangian 

elements, which are divided into a 22 element mesh and have five degrees of freedom per node ( w, θx, θy, θx*, θy*) 

Little membrane stress in the transverse direction may occur because the boundary condition of the plate i s simple 

support and the in-plane displacements of the unloaded edges are unrestrained. The thickness of the quarter plate is 

separated into four layers and modeled using a (2×2) mesh. 

Table 1. Showing the analyzed cases 

Initial imperfection (wo/h) Aspect ratio(a/b) Boundary condition Fibers distribution Orientation distribution 

0.00 
0.5 SSSS Unified 

Unified direction θ (0,0,0,0) 

 0.25 

0.5 1.0 SCSC Equation 2-2 
Unsymmetrical θ (0,90,0,90) 

1.0 2.0 CCCC Equation 3-3 

 

  

Figure 2. Description at the modeling [20] 

Table 2. Leissa and Martine's equations [9] 

Equation n-p (n: equation's number,  

p: equation's exponent) 
Vf(x) 

                Volume fraction of fiber (%) 

Vf max. Vf av. 

Equation 1-1 [ 
4

L
𝑋 - 4

L2  𝑋2 ] 100 66.67 

Equation 2-2 [ 
4

L
 𝑋 - 4

L2  𝑋2
 

]2 100 53.34 

Equation 3-3 [ 
4

L
 𝑋 - 4

L2  𝑋2
 

]3
 

 100 45.7 

Equation 4-1 
1

2
+[ 

1

L
 𝑋 - 1

L2  𝑋2
 

]
 

 75 66.67 

Equation 5-2 
1

2
+[ 

1

L
 𝑋 - 1

L2  𝑋2
 

]2 75 63.34 
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Figure 3. Dynamic analysis structure chart of computer program (FENSDAAP) [21] 
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5. Results and Discussion 

5.1. Imperfect Laminated Composite Plate with Different Aspect Ratio 

For studying the effectiveness of the variable fiber distribution and the orientation of the carbon fiber on the 

preformed dynamic non-linear behavior of the imperfect laminated composite plate with a different aspect ratio and 

SSSS boundary condition, the most important items drawn from the results should be understood: 

 Results of wo/h= 0.00 in Figure 4-a were considered the standard, and all results were compared against it. 

 Figures 4 to 6 represent the elastic-plastic large deformation behavior of a laminated composite plate subjected to 

a constant uniform in-plane compressive load and are analyzed for different aspect ratios (1.0, 0.5, and 2.0) 

progressively with a varying magnitude of the initial imperfection from 0.0, 0.25, 0.5 to 1.0 for studying the effect 

of the variable carbon fiber distribution based on Equations 2-2 and 3-3 with the symmetrical orientation (0, 90, -

90, 0) carbon fiber. The three figures are detailed to describe a case of fiber distribution with and without changing 

orientation, as shown below: 

A. Unified of fiber direction and fiber distribution.  

B. Unified direction of fiber with fiber distribution based on Equation 2-2. 

C. Symmetric (0, 90, 0, 90) of fibers direction and fiber distribution based on Equation 2-2 

D. Unified direction of fiber with fiber distribution based on Equation 3-3. 

E. Symmetric (0, 90, 0, 90) of fiber direction and fiber distribution based on Equation 3-3. 

 The effect of the initial imperfection on the models was very clear and led to an increase in the response of the 

plate to deformation in a shorter period of time and a decrease in the dynamic stability of the plate. 

 The results of all cases recorded that the maximum elastic displacement of the plate decreases with the increase of 

the initial deficiency, although it maintains the traditional behavior based on the exponential relationship between 

the initial imperfection and a speed response and an amount of deformation of the plate. The explanation for this 

is that the direction of the initial deformation was parallel to the direction of the applied load, so it acted as stiffness 

for the plate. It is similar to the behavior of the bent paper in its middle when trying to cause another deformation 

produced by a load parallel to the bend. 

 Understand the effect of the variation of distribution and orientation of carbon fibers on aspect ratio in the results 

shown in Figures 5 and 6 for a rectangular plate subjected to a load in the direction of width (a) passed through, 

knowing the direction of carbon fiber spreading in the mass matrix and its relationship with other ruler parameters 

such as the load, effective length, boundary condition, etc. Where the fiber spreading in all models that weren't 

subjected to rotation was fixed in direction with the plate's width (a) made studying the effect of distribution and 

direction of fibers, loading direction, and aspect ratio at the same time was more accurate. 

 The variable carbon fiber distribution in the unified and symmetrical orientations reduced the deficient laminated 

composite plate response to deformation significantly, and changing direction fibers enhanced this gain, as will be 

detailed with all aspect ratios analyzed in this study. 

5.1.1. Aspect Ratio 1.0 

Figures 4a to 4e show the following: 

 Changing the fiber distribution according to Equations 2-2 and 3-3 without changing its direction in (B) and (D), 

respectively, reduced the distortion by half, noting that the dynamic stability of the distribution according to 

Equation 3-3 is better than Equation 2-2. 

 The symmetrical rotation of the fibers in (C) and (E) with variable distribution in b and d respectively reduce the 

deformation up to 50% of its results in (Figure a) with high stability. 

 Comparing the results of the displacement of the distribution of carbon fibers based on Equations 2-2 and 3-3 with 

the uniform and symmetrical direction gives preference to Equation 3-3. 
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a) Unified orientation and distribution for carbon fiber of laminated composite plate with SSSS boundary condition 

 

b) Unified orientation and a distribution based on Equation 2-2 for carbon fiber of laminated composite plate with SSSS boundary condition 

 

c) Symmetric orientation (0, 90, -90, 0) and a distribution based on Equation 2-2 for carbon fiber of laminated composite plate with SSSS 

boundary condition 

 

d) Unified orientation and a distribution based on Equation 3-3 for carbon fiber of laminated composite plate with SSSS boundary condition 
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e) Symmetric orientation (0, 90, -90, 0) and a distribution based on Equation 3-3 for carbon fiber of laminated composite plate with SSSS 

boundary condition 

Figure 4. Effectiveness of the initial imperfection on elastic-plastic displacement of the laminated composite plates with a 

different distribution and orientation of carbon fiber with SSSS boundary condition and 1.5 aspect ratio under an 800 KN 

uniform in-plane compression load in the X-axis direction at a time step (∆t) =0.0001 [sec]. 

5.1.2. Aspect Ratio (a/b) 0.5 

The most significant unique properties resulting from the analysis of a laminated composite plate with an aspect ratio 

(a/b) = 0.5 are shown in Figures 5-a to 5-e, in addition to the basic explanations above: 

 Based on comparing the results of Figure 5-a with Figure 4-a, it was extremely evident how reducing the aspect 

ratio from 1.0 to 0.5 had an impact on the dynamic behavior of the plate. 

 Effected the results of this plate by the initial imperfection was significantly greater than its predecessors. 

 Changing the distribution of carbon fibers reduced the negative effects of the initial imperfection and reduced the 

elastic displacement in Figure 5a to half the value as shown in Figures 5b and 5d, which gave a higher dynamic 

stability than the variable orientation models, which in turn gave a lower value of the large elastic-plastic 

displacement as shown in Figures 5c and 5e. 

 

a) Unified orientation and distribution for carbon fiber of laminated composite plate with SSSS boundary condition 

 

b) Unified orientation and a distribution based on equation 2-2 for carbon fiber of laminated composite plate with SSSS boundary condition 
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c) Symmetric orientation (0, 90, -90, 0) and a distribution based on equation 2-2 for carbon fiber of laminated composite plate with SSSS 

boundary condition 

 

d) Unified orientation and a distribution based on equation 3-3 for carbon fiber of laminated composite plate with SSSS boundary 

 

e) Symmetric orientation (0, 90, -90, 0) and a distribution based on equation 3-3 for carbon fiber of laminated composite plate with SSSS 

boundary condition 

Figure 5. Effectiveness the initial imperfection on elastic-plastic displacement of the laminated composite plates with a 

different distribution and orientation of carbon fiber with SSSS boundary condition and 0.5 aspect ratio under 800 KN 

uniform in-plane compression load in X-axis direction at a time step (∆t) =0.0001[sec]. 

5.1.3. Aspect Ratio 2.0 

Studying an aspect ratio represents studying the effect of changing the direction of the load from transverse to 

longitudinal at the same time, which contributed to obtaining significantly different results from those considered in 

paragraphs 5.1.1 and 5.1.2. As follows: 

 Figure 6-a illustrates the effect of a longitudinal loading, which caused a significant destabilization of the plate’s 

dynamic stability and greatly increased its deformation response, reaching approximately 1.5 of the deformation 

in Figure 4-a. 

 Changing the distribution of fibers based on equation 2-2 was not efficient in reducing the plate's deformation 

response, as shown in Figure 6-b, while the distribution based on equation 3-3 was really very effective in reducing 

the sample's response to deformation (Figure 6-d). 

 Both distributions 2-2 and 3-3 contributed to improving the dynamic stability of the board, and the first distribution 

was the best in this aspect. 
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 The symmetrical orientation of the distributed carbon fibers according to Equation 2-2 had a positive effect on 

improving the dynamic stability of the plate (Figure 6-C). While the symmetrical orientation of the distributed 

carbon fibers based on Equation 3-3 was very effective in reducing the plate's response to deformation in addition 

to improving its stability proportionally. 

 

a) Unified orientation and distribution for carbon fiber of laminated composite plate with SSSS boundary condition 

 

b) Unified orientation and a distribution based on equation 2-2 for carbon fiber of laminated composite plate with SSSS boundary condition 

 

c) Symmetric orientation (0, 90, -90, 0) and a distribution based on equation 2-2 for carbon fiber of laminated composite plate with SSSS 

boundary condition 

 

d) Unified orientation and a distribution based on equation 3-3 for carbon fiber of laminated composite plate with SSSS boundary condition 
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e) Symmetric orientation (0, 90, -90, 0) and a distribution based on equation 3-3 for carbon fiber of laminated composite plate with SSSS 

boundary condition 

Figure 6. Effectiveness the initial imperfection on elastic-plastic displacement of the laminated composite plates with a 

different distribution and orientation of carbon fiber with SSSS boundary condition and 2.0 aspect ratio under 800 KN 

uniform in-plane compression load in X-axis direction at a time step (∆t) =0.0001[sec]. 

5.2. Imperfect Laminated Composite Plate with Different Bounder Condition 

Effects of the laminated composite plate's deferential border condition and varied carbon fiber distribution and 

orientation on the plate's initial imperfections the plate from paragraph 5.1.1 is analyzed in the paragraphs to follow 

using various boundary conditions (SCSC and CCCC). 

 SSSS: A Boundary Condition when the All Edges of Plate is Simply Supported Articulated in the Section 5.1.1 

CCCC: A Boundary Condition when All Edges of Plate is Clamped: 

 Restricting of the plate edges completely did not prevent the appearance of the effect of the negative initial 

imperfection by increasing the sample's response to deformation and reducing its dynamic stability acquired from 

the engineering properties of this pattern of the boundary. 

 Complete restriction of all edges of plate showed the Proportionality between the large elastic - plastic 

displacement and the value of the initial imperfection, confirming the exegesis given in Section 5-1 about the 

displacement values decrease with the increase in the initial decrease in the plate. 

 Efficacy of differential distribution and orientation of the carbon fibers of the imperfect sheet. It is clear in Figures 

7-b and 7-d. 

 Fiber distribution based on equation 3-3 is best synchronized with symmetrical routing as shown in Figures 7-c 

and 7-e. 

 

a) Unified orientation and distribution for carbon fiber of laminated composite plate with CCCC boundary condition 
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b) Unified orientation and a distribution based on equation 2-2 for carbon fiber of laminated composite plate with CCCC boundary condition 

 

c) Symmetric orientation (0, 90, -90, 0) and a distribution based on equation 2-2 for carbon fiber of laminated composite plate with CCCC 
boundary condition 

 

 

d) Unified orientation and a distribution based on equation 3-3 for carbon fiber of laminated composite plate with CCCC boundary condition 
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e) Symmetric orientation (0, 90, -90, 0) and a distribution based on equation 3-3 for carbon fiber of laminated composite plate with CCCC 
boundary condition 

Figure 7. Effectiveness the initial imperfection on elastic-plastic displacement of the laminated composite plates with a 

different distribution and orientation of carbon fiber with CCCC boundary condition and 1.0 aspect ratio under 800 KN 

uniform in-plane compression load in X-axis direction at a time step (∆t) =0.0001[sec]. 

SCSC: 

A boundary condition when a two edges of plate in load direction is clamped and another two edges of plate is simply 

supported 

 The compound restriction studied in this paragraph is the complete restriction(fixed) of the two edges of the plate 

that are subject to the constant load in- plane and the boundary condition of the other two edges was simply support 

 Figures 8-b and 8-d prove the reduced of response of the plate to deformation by changing the distribution pattern 

and the orientation of the carbon fibers of the laminated composite plate compared to Figure 8-a. 

 The symmetrical orientation of the carbon fibers contributed to a reduction in elastic displacement with a slight 

decrease in dynamic stability, figures 8-c and 8-e. 

 

a) Unified orientation and distribution for carbon fiber of laminated composite plate with SCSC boundary condition 

 

b) Unified orientation and a distribution based on equation 2-2 for carbon fiber of laminated composite plate with SCSC boundary condition 
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c) Symmetric orientation (0, 90, -90, 0) and a distribution based on equation 2-2 for carbon fiber of laminated composite plate with SCSC 

boundary condition 

 

d) Unified orientation and a distribution based on equation 3-3 for carbon fiber of laminated composite plate with SCSC boundary condition 

 

e) Symmetric orientation (0, 90, -90, 0) and a distribution based on equation 3-3 for carbon fiber of laminated composite plate with SCSC 

boundary condition 

Figure 8. Effectiveness the initial imperfection on elastic-plastic displacement of the laminated composite plates with a 

different distribution and orientation of carbon fiber with SCSC boundary condition and 1.0 aspect ratio under 800 KN 

uniform in-plane compression load in X-axis direction at a time step (∆t) =0.0001[sec]. 

6. Conclusions 

This study investigated the previous studies, proved that the effect of changing the geometric parameters in 

optimization the non-linear dynamic performance of laminated composite plate such as aspect ratio, and slenderness 

ratio, is more effective than improving the infrastructure, but in the same time, it has proved the investment efficiency 

in the optimization of the infrastructure orthogonal performance characteristics of laminated composite plate in 

improving dynamic performance, this approach has given more freedom to designers and manufacturers of this type of 

plates for finding solving to initial imperfection, holes, reduced the plats response to deformation and increasing the 

buckling strength without resorting to geometric parameters. 

This study showed the possibility of reducing the side effects of the initial imperfection by using the fiber carbon 

distribution based on the Equations 2-2 and 3-3 from Leissa and Martine's equations. In all the analyzed models, the 

symmetrical orientation was effective in reducing the imperfect composite plate's response to deformation and relatively 

reducing its dynamic stability, which gave a clear indication of the effectiveness of the relationship between the load 
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direction and the carbon fiber deployment direction on the plate's stability and stiffness. Recommendations: The high 

sensitivity of the laminated composite plate optimizations based on changing the distribution and direction of the carbon 

fibers proven in this study obliges those interested in its manufacture and use to do the following: 

 Knowing the impact of the characteristics of the load (a pattern, a direction, a position (in or out of plane), etc.), 

the properties of the boundary condition, and the geometric characteristics of the plate (thickness, slenderness 

ratio, aspect ratio, initial imperfection, geometrical properties of openings, temperatures, etc.) on the optimization 

of the structural properties of the plate (Number of layers, fiber distribution style, fiber direction style, fiber 

percentage in the mass matrix, etc.). 

 Study the effect of the above influences on each other before studying the effect of improvements on them to 

distinguish the effect of all those parameters separately for choosing the optimal method to improve the dynamic 

performance and reduce panel response to deformation. 
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