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Abstract 

This study explores the fracture energy of notched and unnotched concrete specimens subjected to the classical three-point 

bend test, instantiating a gradational step in the continued development of concrete fracture mechanics. An experimental 

campaign involving 18 notched test specimens and nine unnotched specimens of three different grades of concrete, an 

examination of the existing literature models for unnotched specimens, and a novel Multigene Genetic programming 

(MGGP) based concrete fracture energy model for unnotched specimens are integral to this study. As a salient result, the 

multiple approaches to quasi-brittle materials adopted in the study, highlighted the criticality of the determination of 

fracture energy, tensile strength and characteristic length for the crack width study. The failure modes of notched and 

unnotched specimens were found to be similar. The reported literature has mainly focused on a limited number of fracture 

energy influencing parameters. Therefore, six impact parameters have been chosen and incorporated into the present study 

to provide a more acceptable explanation of concrete fracture behaviour. A sensitivity analysis of the parameters and an 

error analysis of the model undertaken have established the accuracy and robustness of the developed MGGP model. 

Keywords: Concrete; Fracture Parameters; Notched and Unnotched Specimens; Multigene Genetic Programming. 

 

1. Introduction 

The fracture mechanics principles have been applied to quasi-brittle materials like concrete to understand structural 

members' service performance and failure analysis. The toughness of concrete is related to the energy required to initiate 

and propagate a crack until failure. The concrete fracture characterization is complex as concrete has heterogeneous 

composition. Karihaloo et al. (2003) [1] carried out a series of experiments to examine the size dependency of TPB 

notched and unnotched specimens for both normal strength concrete (NSC) and high strength concrete (HSC). Abdalla 

& Karihaloo (2004) [2] hypothesized that both true fracture energy and corresponding softening relations were necessary 

for the analysis of cracked concrete structures by undertaking fracture tests conducted on TPB and wedge split concrete 

specimens. Luigi & Gianluca (2008) [3] focused on the fracture parameters of concrete through experimentation to 

arrive at the fracture energy and tensile strength of the specimens. Raghu Prasad (2009) [4] and Muralidhara (2010) [5] 

performed TPB tests on geometrically similar specimens. Skarzynski & Tejchman (2010) [6] used finite element 

analysis (FEA) and the DIC method to postulate on the FPZ of notched concrete specimens under TPB. Ince & Cetin 

(2019) [7] reported that the fracture parameters of concrete were influenced by compressive strength, maximum 

aggregate size, water-cement ratio, and aggregate type in testing.  

The toughness was considered to be a material property along with the strain-energy release rate, [8] and 

characteristic length as a measure of brittleness [9]. The determination of the concrete fracture behaviour was facilitated 

by ascertaining tensile strength, fracture energy, and modulus of elasticity. The flexural tensile strength for unnotched 
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specimens was experimentally determined by the three-point bend test [10]. The deadweight deflection was added to 

the RILEM fracture energy equation [11]. The concrete fracture energy was modeled by Wittman et al. (1978) [12]. 

Actual crack formation in a concrete specimen required a certain amount of energy called the fracture energy, and the 

value of it was computed. Also, the size effect was the most compelling reason for employing fracture mechanics 

principles in concrete designs [13]. The fracture energy of concrete as a function of the grade of concrete, compressive 

strength, and temperature was determined [14]. An understanding of the concrete softening curve was developed using 

two critical parameters, tensile strength and fracture energy [15]. The characteristic length (Lch) was related to the 

strength of the unnotched and notched test specimens [16]. Fracture energy of test specimens was found to be higher for 

low water-cement ratios than for those specimens with high water-cement ratios [17], and this was in agreement with 

the observations of Peterson (1980) [18] and Wittman et al. (1987) [12]. However, it was pointed out that additional test 

series on unnotched specimens with a wide range of cross-section heights should be carried out experimentally in the 

future [19]. The fracture energy, Gf, depended primarily on the water-cement ratio, the aggregate type, the maximum 

aggregate size, the age of the concrete, and the curing conditions [20]. As Wittman’s model predicted higher fracture 

energy values, the authors provided a realistic model for the prediction of concrete fracture energy [21]. 

The authors opined that more unnotched specimen tests with various cross sections were required for fracture 

parameter estimation. They concluded that the size effect coefficient could be directly calculated from the modulus of 

rupture [22]. The fracture energy of concrete was size dependent and for non-linear models, two fracture parameters 

were needed to define the concrete fracture behaviour [23]. The water-cement ratio (w/c) had a significant bearing on 

the interfacial transition zone between concrete paste and aggregate, thereby affecting the strength of concrete [24]. The 

fracture energy of concrete was investigated to ascertain the effects of w/c, coarse aggregate type, and curing temperature 

for certain generalised conclusions [25]. The computations of concrete's characteristic length and tensile strength were 

founded on energy equivalence [26]. Heuristics methods such as the genetic algorithm were concluded to be powerful 

tools to solve problems involving uncertainties [27]. To understand the fracture properties of concrete, cement mortar 

was tested, and it was found that the water-cement ratio and cement grade have major influences on the fracture 

behaviour [28]. A series of notched and unnotched square specimens were tested for the developed two-parameter 

model, and the maximum fracture loads were investigated [29]. A theoretical model was developed for the fracture 

toughness of concrete using unnotched specimens, which studied the effects of aggregate size [30]. Splitting strips were 

employed for determining the fracture behavior of quasi-brittle materials in square specimens with edge cracks. The 

experimentation adopted a two-parameter model for research inferences [31]. Notched specimens of fiber-reinforced 

concrete in flexure were subjected to cyclic loads, and the results suggested enhanced fracture and fatigue lives of 

specimens at higher load conditions [32]. An experimental and analytic study of concrete fracture energy was carried 

out, and mixed mode concrete fracture was examined by comparing the experimental and model results. A brittle 

diagonal failure was observed [33]. 

1.1. Research Gap and Goals 

Based on the literature review above, the authors of this study observed that although the study of concrete fracture 

behaviour on notched and unnotched concrete specimens have been undertaken by various researchers, these researchers 

have considered a combination of a few factors such as compressive strength, water-cement ratio, aggregate type, 

specimen size (weight), grade of concrete, tensile strength, and temperature. A comprehensive model covering most of 

these parameters has not been developed yet. Secondly, the usefulness of genetic algorithm (GA)-based software to 

solve problems of high uncertainty, such as the one involving concrete fracture behaviour, is well known. However, no 

such GA model exists in the literature studied. Further, only a few researchers have undertaken studies involving both 

notched and unnotched specimens. Therefore, experimentation on notched and unnotched concrete specimens of RILEM 

geometry, complemented by a genetic algorithm software-based model of the unnotched specimen considering six key 

fracture energy parameters, was considered necessary to comprehend concrete fracture behaviour. Accordingly, the 

study was planned and undertaken. 

1.2. Research Significance 

Determining fracture energy in the concrete of unnotched specimens is central to this study. This study is significant 

because it explains the need for extending the experimentation on the notched specimen to the unnotched specimen. 

Further, the study highlights the relative influence of the various impactful parameters affecting the concrete fracture 

energy of unnotched specimens. The assessment of this influence for unnotched specimen has been arrived at firstly, by 

experimental work, secondly by literature models, and finally by a unique Multigene Genetic Programming technique. 

2. Materials and Methods 

2.1. Notched Specimens 

The test specimens were prepared using three grades of concrete, namely M20, M30, and M40. All test specimens 

were of the RILEM TC-50 [34] recommended geometry of 100 x 100 x 840 mm. Three design mixes of M20, M30, and 

M40 concrete grades were considered for the investigation. OPC 53-grade cement, M-sand, and coarse aggregates (sizes 

not exceeding 20 mm) with design water-cement ratios of 0.36, 0.38, and 0.5 for M40, M30, and M20 grades of concrete 
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were used. In the mixing process, the aggregates were dry mixed for a minute; subsequently, cement and water were 

added, and the wet concrete was mixed for a further two minutes. On completion of the mixing process, the concrete 

was poured into the moulds for casting. After de-moulding, the specimens were placed in curing tanks for 28 days before 

testing. The concrete compressive strengths were tested using the classical methods for the three grades. The design mix 

details and the experimental compressive strengths are tabulated in Table 1. 

Table 1. Details of concrete mix design and experimental compressive strength 

Ser No Constituents 
Grade of Concrete (Kg/cubic metre) 

Remarks 
M20 M30 M40 

1 OPC 53 Cement 404 408 431  

2 Water 202 155 155  

3 Fine Aggregate 644 638 626  

4 Coarse Aggregate 1065 1176 1173  

5 Admixtures 0 4.08 4.31 1% of cement content 

6 W/C ratio 0.500 0.380 0.360  

7 Average Compressive strength in MPa 19.13 28.24 36.77  

The grading curves for fine aggregates and coarse aggregates used in the test specimen casting are shown in Figures 

1 and 2. 

 

Figure 1. Grading Curve for Fine aggregates used 

 
Figure 2. Grading Curve for Coarse aggregates used 

To determine different concrete fracture parameters and the related factors of characteristic length and brittleness 

number, an experimental approach was adopted. In this approach, the classical three-point bending test as recommended 

by RILEM 50-FMC, was used to test 18 notched specimens of standard size subjected to a concentrated load at the 

centre. Three different grades of concrete and two notch depths were considered for the investigation. The geometric 

details of the test specimens are in Table 2. 
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Table 2. Geometric details of test specimens 

Ser. 

No. 

Notched specimen 

Number 

Width b 

(mm) 

Depth d 

(mm) 

Length l 

(mm) 

Effective Span s 

(mm) 

Notch 𝐚𝐨 

(mm) 

𝐀𝐥𝐢𝐠 (mm²) 

(d-𝐚𝐨)×b 

Notch-to-depth 

(Notch ratio) 

1 M20-1 100 100 840 800 50 5000 0.5 

2 M20-2 100 100 840 800 50 5000 0.5 

3 M20-3 100 100 840 800 50 5000 0.5 

4 M20-4 100 100 840 800 30 7000 0.3 

5 M20-5 100 100 840 800 30 7000 0.3 

6 M20-6 100 100 840 800 30 7000 0.3 

7 M30-1 100 100 840 800 50 5000 0.5 

8 M30-2 100 100 840 800 50 5000 0.5 

9 M30-3 100 100 840 800 50 5000 0.5 

10 M30-4 100 100 840 800 30 7000 0.3 

11 M30-5 100 100 840 800 30 7000 0.3 

12 M30-6 100 100 840 800 30 7000 0.3 

13 M40-1 100 100 840 800 50 5000 0.5 

14 M40-2 100 100 840 800 50 5000 0.5 

15 M40-3 100 100 840 800 50 5000 0.5 

16 M40-4 100 100 840 800 30 7000 0.3 

17 M40-5 100 100 840 800 30 7000 0.3 

18 M40-6 100 100 840 800 30 7000 0.3 

Two photos of the notched specimen testing and some fractured specimens are as in Figure 3. 

  

Figure 3. Notched specimen under test and some failed specimens 

2.2. Unnotched Specimens 

The unnotched test specimen were prepared using the same three grades of concrete namely M20, M30 and M40 for 

the investigation. All test specimens were of the RILEM TC-50 recommended geometry of 100 x 100 x 840 mm. OPC 

53 grade cement, M-sand and Coarse aggregates (size not exceeding 20 mm) with design water-cement ratios of 0.36. 

0.38 and 0.5 for M40, M30 and M20 grades of concrete were used. The unnotched sample preparation was similar to 

the sample preparation of the notched specimen. The design mix details and the experimental compressive strengths 

were the same as for the notched specimen tabulated in Table 1. 

An experimental approach combined with the multi-gene genetic programming modelling was adopted to determine 

different concrete fracture parameters and the characteristic length of the unnotched specimens. In the experimental 

approach, the classical three-point bending test, as recommended by RILEM TC-50 FMC and Standard JCI, 2003 [35], 

was used to test nine unnotched specimens of standard size subjected to a concentrated load at the centre. Two criteria 

dictated the test specimen size. Firstly, the RILEM TC-50 recommendations on the specimen geometry and secondly, 

the requirement of minimizing the boundary effects on the test results. The specimen’s smallest dimension was 100 mm, 
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in consideration of maintaining the smallest dimension larger than three times the maximum size of the aggregate (20 

mm) to minimize the boundary effects. The experimental setup for the conduct of the RILEM test for the unnotched 

specimen and the failed specimens are in Figure 4. 

       

 

Figure 4. Unnotched specimen test setup and failed specimens 

2.3. Displacement Measurements 

The RILEM TC-50 testing for the specimens was conducted using a Universal Testing Machine (UTM) of 1000 KN. 

Concrete is a known heterogeneous material and the displacements are known to be influenced by the aggregate size. In 

consideration of the recommendations of Hanson and Kurvits (1965) [36], longer electrical strain gauges, (proportionate 

to the aggregate size used) were used. Three 350 Ώ (size 14 mm × 4.6 mm) electrical strain gauges were used for the 

displacement measurements, in the regions of uniform strain. Two strain gauges were instrumented at the bottom of the 

specimen on either side of the specimen centre while the third gauge was positioned on the specimen's depth face at 60 

mm from the specimen centre. The hydraulically operated Universal Testing Machine used for controlled loading 

enabled continuous and without shock loading. A continuous record of load and strain readings were obtained up to 

fracture failure, using a four-channel data logger connected to a laptop hosting the relevant software. 

3. Results and Discussions 

3.1. Notched Specimens 

The evaluation of the fracture energy of the notched test specimens was carried out by the RILEM 50-FMC 

recommendations by popular work of fracture method (WFM). This widely accepted test procedure albeit uncomplicated 

has an inherent limitation of size dependency. Hillerborg et al. (1981) [10] observed that the WFM-based fracture energy 

values computed in isolation do not adequately represent the brittleness or ductility of the specimens. Therefore, to 

overcome this limitation, the characteristic length, 𝐿𝑐ℎ and the brittleness number β have been initiated into the research 

realm of concrete fracture behaviour. Also, the Gf and GF calculations have been in alignment with the recommendations 

of Bazant et al. (2002) [37] involving a factor of 2.5. The expressions used are below: 

𝐺𝑓 =
[𝑤𝑜+(𝑚1∗(

𝑠

𝑙
)+2𝑚2)∗𝑔∗𝛿𝑜]

𝐴𝑙𝑖𝑔
  (1) 

𝐿𝑐ℎ =
(𝐸∗𝐺𝐹)

𝑓𝑡
2  and 𝛽 = 

𝑙

𝐿𝑐ℎ
 (2) 

The test results and calculations are in Table 3. 
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Table 3. Calculated Fracture parameters 

Notched specimen 

number 

Wo   

(N-mm) 

δo 

(mm) 

𝑭𝒎𝒂𝒙  
(N) 

𝑮𝒇 

(N/m) 

𝑮𝑭 

)N/m( 

Characteristic length 

𝑳𝒄𝒉 (mm) 

Brittleness 

number β 

M20-1 55.50 0.42 1200 29.30 73.24 193.08 4.35 

M20-2 69.50 0.46 1300 29.95 74.88 219.67 3.82 

M20-3 70.00 0.54 1600 30.43 76.07 250.13 3.36 

M20-4 52.50 0.54 1600 25.96 64.89 162.19 5.18 

M20-5 72.00 0.55 1600 29.47 73.68 184.16 4.56 

M20-6 95.50 0.62 1700 30.60 76.49 213.68 3.93 

M30-1 94.50 0.61 1700 36.98 92.45 242.29 3.47 

M30-2 111.00 0.63 1700 40.66 101.65 265.20 3.17 

M30-3 101.00 0.65 1800 40.85 102.13 264.13 3.18 

M30-4 113.50 0.66 1800 39.05 97.63 199.70 4.21 

M30-5 121.00 0.67 1800 37.42 93.54 203.61 4.13 

M30-6 134.50 0.69 1800 38.56 96.41 217.67 3.86 

M40-1 112.50 0.7 1800 41.90 104.75 238.79 3.52 

M40-2 123.00 0.71 1900 45.78 114.44 255.95 3.28 

M40-3 116.50 0.73 2000 42.08 105.19 257.29 3.26 

M40-4 153.50 0.77 2100 44.90 112.25 213.09 3.94 

M40-5 162.50 0.78 2200 42.68 106.70 224.53 3.74 

M40-6 168.50 0.79 2200 43.86 109.65 227.97 3.68 

3.1.1. Analysis of Notched Specimen Fracture Parameters 

The average fracture energy values from Table 3 for M20, M30 and M40 grades of concrete were experimentally 

determined as 73.2, 97.3 and 108.83 N/m respectively. The creation of a notch in the concrete specimen has compelled 

the formation of the fracture zone at a predetermined location of the notch whereas the fracture zone could develop 

anywhere else in the specimen in case of unnotched specimen. Also, notches are stress raisers due to being points of 

stress concentrations. Therefore, the creation of a notch in a test specimen is likely to have affected the assessment of 

the fracture energy GF in notched specimens. In order to evaluate a realistic concrete fracture energy GF, it was felt 

necessary to test unnotched specimens of similar geometry and grades of concrete. 

3.2. Unnotched Specimens 

The principles of fracture mechanics are equally applicable to the analysis of unnotched specimens. Also, the 

research work of Bazant & Planas (2019) [38] has highlighted the importance of fracture energy, tensile strength and 

characteristic length assessments for concrete. They have observed that these three assessments denote the linkage 

between the crack width and these three parameters. Therefore, these three parameters have been assessed in the present 

study for unnotched specimens.  

The fracture energy experimentation of the unnotched specimen was also carried out following the RILEM 50 – 

FMC recommendations. As the results were known to be affected by the size dependency and that the brittleness or 

ductility of the specimens cannot be adequately represented by WFM-based fracture energy results alone, the fracture 

energy (𝐺𝑓 ) results were supplemented with the characteristic length (𝐿𝑐ℎ) value computations. 𝐺𝑓  and Lch were 

calculated based on Equations 1 and 2 mentioned earlier. The fracture energy factor 2.5 of Bazant et al. (2002) [37] was 

adopted for 𝐺𝑓 to 𝐺𝐹 conversion. The fracture energy and the characteristics length calculations of the specimen have 

been tabulated in Table 4. 

Table 4. Fracture energy and characteristic length calculations 

Ser. 

No. 

Unnotched specimen 

Number 

Water cement 

ratio (w/c) 

δo 

(mm) 
Fmax N 

𝒘𝒐  

(N-mm) 

GF 

(N/M) 

Characteristic length Lch 

(mm) 

1 M20-1U 0.5 0.49 2400 221.75 82.55 210.67 

2 M20-2U 0.5 0.49 2400 225.25 84.29 215.11 

3 M20-3U 0.5 0.52 2500 222.25 85.24 200.48 

4 M30-1U 0.38 0.62 2600 319.5 113.90 303.34 

5 M30-2U 0.38 0.62 2500 333.75 117.12 337.35 

6 M30-3U 0.38 0.63 2600 332.5 117.86 313.88 

7 M40-1U 0.36 0.69 2800 430.5 145.79 386.56 

8 M40-2U 0.36 0.70 2900 425.25 146.27 361.55 

9 M40-3U 0.36 0.70 2900 422.25 144.13 382.16 



Civil Engineering Journal         Vol. 9, No. 02, February, 2023 

399 

 

All nine load-deflection relationships have been plotted and only three load-deformation curves for M20, M30 and 

M40 plotted for 𝐺𝑓 estimations have not been reported for brevity. The plotted curves are shown in Figure 5. 

  

(a) M20 Load – deformation curve (b) M30 Load – deformation curve 

 

(c) M40 Load – deformation curve 

Figure 5. Load-deformation curves for M20, M30 and M40 

3.2.1. Analysis of the Fracture Energy Values of Unnotched Specimens vis-à-vis Notched Specimens 

The average fracture energy values from Table 4 for M20, M30 and M40 grades of concrete were experimentally 

determined as 84.02, 116.3 and 145.4 N/m respectively. The corresponding average fracture energy values for notched 

specimens from Table 3 for M20, M30 and M40 grades of concrete were 73.2, 97.3 and 108.83 N/m respectively. There 

was a noticeable increment in the assessed fracture energy values in unnotched specimen in comparison to the 

corresponding values of the notched specimen and this was attributable to the creation of a stress concentration areas 

around the notch in notched specimens. A more definitive evaluation of the percentage increment could emerge from a 

larger experimental data set. 

3.2.2. Fracture Energy and Characteristic Length vs. Various Grades of Concrete of Unnotched Specimens 

The variations in the average fracture energy and the characteristic length of the unnotched specimens with respect 

to the concrete grades have been depicted in Figure 6. Higher grades of concrete have exhibited higher fracture energy 

reflective of their tendency to be brittle with increasing compressive strengths. As already reported by Darwin et al. 

(2001) [39], an increase in compressive strength of concrete increased the stored energy at the peak load without altering 

the energy dissipation and thus, led to enhanced brittleness at higher compressive strengths. A direct proportionality 

relationship between 𝐺𝐹 and 𝐿𝑐ℎ as already reported in the literature by Rosselló et al. (2006) [40], was confirmed in 

these test results. 
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Figure 6. Variation of 𝑮𝑭 and 𝑳𝒄𝒉 with concrete grades 

3.2.3. Fracture Energy vs. Water-Cement Ratio of Concrete of Unnotched Specimens 

The water-cement ratio has been of significant interest to researchers as the water-cement ratio has a pronounced 

influence on the porosity of ITZ of concrete and therefore, the effect of the water-cement ratio on the fracture energy 

was examined. The test results confirmed the inverse relationship between the fracture energy and the water-cement 

ratio as suggested by Ostergaard et al. (2004) [17] in the literature. The details of the fracture energy of unnotched 

specimen and the water-cement ratio have been exhibited in Figure 7. 

 

Figure 7. Fracture energy vs. water-cement ratio 

3.2.4. Tensile Strength Computations of Specimens by Various Models 

The tensile strength can quantify the peak load behaviour. A frequently employed test procedure for unnotched 

specimens has been the flexural tensile strength determination in a three-point bend test [10]. Also, as the direct tensile 

strength test of concrete is experimentally complicated to conduct for assessment of fracture behaviour, the flexural 

tensile strength test of concrete was adopted. The modulus of rupture obtained by performing the fracture test on concrete 

gave the theoretical maximum tensile stress under bending on the concrete specimens. The computed values of the 

tensile strength from the various models have been displayed in Table 5. 
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Table 5. Tensile strength calculations by various models 

Ser 

No 

Specimen 

Number 

Fmax 

(N) 

Experimental 

Modulus of rupture 

(fr) MPa 

IS 456: 

(2000) [41] 

(fr) MPa 

Hilsdorf and FIB 

code (2010) [42] 

(fctm) MPa 

ACI 318-

14 [43] (ft) 

MPa 

ACI 363 – 

(1993) [44] 

(ft) MPa 

Philips 

[45] (ft) 

MPa 

1 M20-1 2400 2.88 3.13 2.21 2.91 2.34 1.97 

2 M20-2 2400 2.88 3.13 2.21 2.91 2.34 1.97 

3 M20-3 2500 3 3.13 2.21 2.91 2.34 1.97 

4 M30-1 2600 3.12 3.83 2.9 3.56 2.95 2.39 

5 M30-2 2500 3 3.83 2.9 3.56 2.95 2.39 

6 M30-3 2600 3.12 3.83 2.9 3.56 2.95 2.39 

7 M40-1 2800 3.36 4.42 3.51 4.11 3.42 2.73 

8 M40-2 2900 3.48 4.42 3.51 4.11 3.42 2.73 

9 M40-3 2900 3.36 4.42 3.51 4.11 3.42 2.73 

3.2.5. Fracture Energy Calculations Based on the Existing Models and This Study 

Fracture energy can also be predicted based on aggregate size, compressive strength and water-to-cement ratio as 

suggested in the models of Hilsdorf & Brahmeshuber (1991) [14], Philips & Binsheng (1993) [45], Wittman et al. (1987) 

[12], Standard JCI (2003) [35], Comite Euro-International du Beton (CEB-2010) [42], and Mari et. al. (2015) [21]. 

These study models are mentioned below: 

𝐺𝐹 = 𝑎𝑑 ∗  (𝑓𝑐𝑚)0.7  (3) 

GF =  43.2 + 1.13 ∗ 𝑓𝑐  (4) 

𝐺𝐹 = 30.5 + 6.64 ∗  𝑓𝑡
(2) 

  (5) 

𝐺𝐹 =  [0.97 ∗ (𝑓𝑐) + 41.8]  (6) 

𝐺𝐹 =
0.75∗[𝑤𝑜+(𝑚1∗(

𝑠

𝑙
)+2𝑚2)∗𝑔∗𝛿𝑜]

𝐴𝑙𝑖𝑔
  (7) 

𝐺𝐹 = 73 ∗ 𝑓𝑐
0.18

  (8) 

𝐺𝐹 = 0.028 ∗ (𝐷𝑚𝑎𝑥)0.32 ∗ (𝑓𝑐𝑚)0.18  (9) 

where 𝑎𝑑  is a coefficient dependent on maximum aggregate size (𝑎𝑑=7 for max aggregate size of 20 mm), fcm is (𝑓𝑐𝑘 +
8) 𝑖𝑛 MPa, 𝑓𝑐 is the experimental compressive strength in MPa, 𝑓𝑡 is the tensile strength of specimen, 𝑤0 is the area 

under the load-deformation curve, 𝑚1 is the weight of the specimen in kg, 𝑚2 is the weight of external attachments to 

the test setup in kg, s is the effective span of specimen in mm, l is the length of specimen in mm, g is the acceleration 

due to gravity in m/𝑠𝑒𝑐2, 𝜕0 is the max displacement at failure in mm and 𝐴𝑙𝑖𝑔 is the area of the specimen fracture 

surface. The calculated fracture energy of concrete determined based on various models and as per experimentation of 

this study have been mentioned in Table 6. 

Table 6. Fracture energy computations by various models and this study 

Ser 

No 

Specimen 

Number 

fc 

(MPa) 

Hilsdorf 

(1991) GF 

in N/m  

Philips 1 

(1993)GF 

(N/m)  

Philips 2 

(1993) 

GF (N/m)  

Wittman 

(2002) GF 

(N/m)  

JCI-S-

001-

(2003) 

FIB 

(2010) GF 

(N/m)  

Mari 

(2015) GF 

(N/m)  

Experiment 

GF (N/m) 

1 M20 19.14 72.13 64.83 56.27 60.37 63.02 124.19 124.23 84.03 

2 M30 28.24 89.32 75.11 68.43 69.19 87.22 133.19 133.24 116.29 

3 M40 36.77 105.19 84.75 79.99 77.47 119.05 139.67 139.73 145.4 

Among the seven models studied, six models used compressive strength, tensile strength, and maximum aggregate 

size as the influencing parameters for the fracture energy calculations. The Japanese JCI code has adopted a modified 

expression of the original Hillerborg model for the fracture energy computations. Hilsdorf, Philips I and II, Wittman, 

and JCI models provide fairly conservative fracture energy estimates. The JCI code has modified the original Hillerborg 

fracture energy expression by using a factor of 0.75. Therefore, the experimental values of this study and the JCI code 

values are related by this factor of 0.75. FIB 2010 and Mari models yielded nearly identical fracture energy values for 

the three grades of concrete and suggested that the fracture energy values were independent of the concrete grades. 
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Because the fracture energy computations are complex, the experimental and literature model assessments must 

be validated against the regression analysis model. Therefore, this investigation has employed the experimental data 

of the study as well as the literature data to develop a multi-gene genetic model for concrete fracture energy 

determination. 

3.2.6. Summary of Results 

Traditionally, research on the concrete fracture behaviour has revolved around the notched specimen testing for 

fracture parameter determination. However, as this study has shown, for a realistic estimation of concrete fracture 

behaviour, both notched and unnotched specimens have to be tested. This study confirmed the direct relationship 

between (the fracture energy and the characteristic length) vs. (the grade of concrete) as well as the inverse relationship 

between (the fracture energy) vs. (the water-cement ratio) as reported in literature. Further, the fracture energy 

computations by various researchers were based on a few select parameters only. This study has explored the fracture 

energy of unnotched concrete specimens considering six key parameters by the genetic algorithm-based software as 

below. 

3.3. Multi-Gene Genetic Programming (MGGP) 

Multi-Gene Genetic Programming, a variant of Genetic Programming, which adopts a software-based search 

technique involving mathematical expressions, decision trees, polynomial constructs, logical expressions etc., was 

employed for model development for the study. First, the chromosomes were generated randomly for each individual in 

the population. Then the fitness of each of these chromosomes was evaluated based on a fitness function. 

𝑓 = ∑ (𝑋𝑗 −  𝑌𝑗)𝑁
𝑗=1   (10) 

where 𝑋𝑗 was the value returned by the chromosome for the fitness case j and 𝑌𝑗 was the expected value for the fitness 

case j. RMSE was used as a fitness function to develop the MGGP model. 

In this MGGP algorithm, several potential models were evolved at random and, each such developed model was 

trained and tested using the training and testing data respectively. The fitness of each model was determined by 

minimizing the root-mean-square error (RMS) between the predicted and actual value of the output variable (𝐺𝐹). 

Multigene-based chromosomes of unequal lengths consisting of variables and mathematical operators were used. The 

individuals in the process were subjected to modifications, which were repeated until the desired solution was achieved. 

The chromosomes in the study were either unigenic (single gene) or multigenic with equal or unequal program lengths 

consisting of variables and mathematical operators (function set). The mathematical operators used were arithmetic (+; 

-; *; /) and functions (log 10 and exponential). 

GeneXpro Tools 5.0 was used for modelling the gene expression programming in this study. It worked with a 

population of models selected according to their respective fitness. The selected models were reproduced by introducing 

genetic variations using one or more genetic operators like mutation or recombination. Repetition of this process till the 

desired solution was achieved, provided an improved and the best fit model for the data set. 

3.3.1. Methodology of MGGP Model Building 

This research has proposed an MGGP prediction model for concrete fracture energy using the experimental and 

literature data as inputs. The concrete fracture energy profile was generated with accuracy using the developed model 

for the complex data set. Figure 8 represents the methodology flow to provide a robust concrete fracture energy 

prediction model starting from the data compiled. This step was followed by data pre-processing which included data 

cleaning and removal of the outliers to offer input parameters of quality for the model formulation. The next step was 

to build and optimize the model by repetitively training and optimizing with the trained algorithm. The model accuracy 

and performance were determined by sensitivity and error analysis and covered MAE, MAPE, RMSE and R2 

computations. Whenever the desired accuracy was not attained, the model was retrained to till acceptable accuracy of 

prediction was achieved. Finally, the model parameters and the results were saved and reported. 

3.3.2. Choice of Model Parameters 

After a detailed literature study of various models from Hillerborg (1983) [46], Hillerborg (1985) [47], CEB-FIP 

model code (1990) [48], Bazant et al. (1991) [49], Elices et al. (1992) [50], Darwin et al. (2001) [39], Strauss et al. 

(2002) [51], Standard JCI (2003) [35], Martin et al. (2007) [52], Comite Euro-International du Beton (CEB-2010) [42], 

Khatieb (2016) [53], Beygi et al. (2016) [54], Khalilpour et al. (2019) [24] and Akram (2021) [55], six independent 

variables affecting the concrete fracture energy were chosen for modelling. They are grade of concrete (G), water-cement 

ratio (w/c), maximum displacement at failure (𝜕0), maximum load at fracture (Fmax), curing period in days (C) and the 

tensile strength of concrete (𝑓𝑡). 
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Figure 8. Methodology of MGGP model developed 

3.3.3. Development of Model 

The model developed in this study has designated the concrete fracture energy as the output and the six independent 
parameters selected above and shown in Equation 11 as inputs: 

𝐺𝐹 = 𝑓 (𝐺, 𝑤/𝑐, 𝜕0, 𝐹𝑚𝑎𝑥 , 𝐶, 𝑓𝑡)  (11) 

Four basic arithmetic operators (+; -; *; /) and two basic mathematical functions (log 10 and exp.) were used as a 

function set in the model development. Multi-genic programming with four genes and addition as the linking function 

were used. A large number of generations (599) were tested. The functional set and operational parameters used in the 

MGGP modelling during this study have been listed in Table 7. 

Table 7. Functional set and Operational parameters 

Description of Parameter Parameter setting 

Data  

Independent Variables 06 

Training Records 21 

Validation Records 10 

Program size 40 

Function Set +, -, *, /, exp, log 10 

Settings  

Number of Chromosomes 30 

Number of genes 4 

Head Size 8 

Tail size 9 

Gene size 26 

Linking function Addition 

Fitness function RMSE 

Iteration – R2 threshold 1 

Constant per gene 7 

Data type Integer 

Data Collection 

Data from experimentation and 

literature evaluation 

Model Building 

Parameter selection and 

algorithm optimization 

Model Performance 

Sensitivity and error analysis 

(MAE, MAPE, RMSE, R2) 

NO 

YES 

Data Pre-Processing 

Data cleaning and outlier 

removal 

MGGP Model 

Report model parameters and 

model results 

Performance of 

accepted accuracy 
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The overall 31 datasets are randomly distributed as 70% training and the rest 30% as testing data. The datasets did 
not need normalizations in the analysis, as the modelling was carried out by the fitness function which generates an 
expression to calculate concrete fracture energy from the depending parameters. These parameters, whether dimensional 
or non-dimensional can be used directly in their usual form, i.e., the one used during the model generation to calculate 
the concrete fracture energy 𝐺𝐹. 

3.3.4. Training and Validation of MGGP Models 

Table 8 illustrates the statistics for the training and validation of the model with the values of the various errors 
generated in the model’s prediction. The training dataset has a high R2 value while the validation dataset has a relatively 
lower R2 value. This probably is attributable to the limited dataset of this research work. 

Table 8. Statistics for Training and Validation 

Statistics Training Validation 

R-square 0.921273577 0.742463807 

Correlation Coefficient 0.95982997298283 0.86166339545024 

Root Mean Squared Error 14.5267504483885 22.871845 

Mean Absolute Error 10.6219601881548 15.58426511 

Best Fitness 64.4049766449224 41.891335940425 

Figure 9 shows the MGGP tree of the model for predicting the concrete fracture energy 𝐺𝐹, which has been illustrated 
in a simplified analytical formulation as: 

GF = (e4.10
Fmax

𝐺  ) ∗ (e(8𝛿0−𝑓𝑡)) +
c

e(1.92+𝑤
𝑐⁄ )∗(0.33−9.77𝛿0)

+
7.46
𝑤

𝑐⁄
(1.34 + 𝑓𝑡) + (𝛿0 ∗ (Fmax + G)) + 3.05  (12) 

 

* 

Exp. 
Exp. 

* 
- 

C4 * d5 

  d3   d0 
  d2  C2 

Sub – ET 1 

  / 

  d4 * 

Exp. 

+ 

  d1 C2 

 C3 * 

  d2 
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Figure 9. MGGP Tree for Fracture energy GF model 

3.3.5. Sensitivity Analysis 

The sensitivity of the assumed parameters, for the new MGGP model was essential to determine the influence and 

importance of each. The sensitivity percentage for the six parameters was found using the following expressions: 

𝑁𝑖 =  𝑓𝑚𝑎𝑥  (𝑥𝑖) −  𝑓𝑚𝑖𝑛 (𝑥𝑖)  (13) 

𝑆𝑖 =  (
𝑁𝑖

∑ 𝑁𝑗
𝑛
𝑗=1

) ∗ 100  (14) 

where 𝑓𝑚𝑎𝑥  (𝑥𝑖) and 𝑓𝑚𝑖𝑛 (𝑥𝑖) were the respective values of maximum and minimum predicted output over the ith input 

domain where the other variables were equal to their mean values. Si represents the sensitivity percentage presented in 

Table 9 for all the chosen parameters. 

Table 9. Sensitivity of the parameters 

Parameter G w/c 𝝏𝟎 Fmax C 𝒇𝒕 

Sensitivity in % 4.50 19.78 32.73 23.12 1.78 18.08 

It was observed from Table 9 that the maximum displacement at failure and the maximum load at failure have the 

highest effects on the concrete fracture energy with 32.73% and 23.12% respectively; followed by the water-cement 

ratio and the tensile strength with 19.78% and 18.08% respectively. The grade of concrete and the curing period appear 

to have the least influence with 4.5% and 1.78% respectively. To observe the effect of each of these parameters on the 

fracture energy, a more comprehensive analysis was carried out for the expression of the fracture energy by MGGP in 

Equation 12. For the analysis, the values for each parameter were fixed as the mean values from the datasets in the study. 

To observe the effect of an individual parameter, the values of that parameter were varied between its maximum and 

minimum values as per the datasets, keeping the values of the other parameters as their respective mean values. 

The graphical representation of this technique for various parameters has been illustrated in Figure 10. It was 

observed that the fracture energy was directly proportional to the maximum displacement at failure, maximum load at 

failure, the tensile strength and the grade of concrete. Also, the fracture energy was inversely proportional to the water-

cement ratio. The fracture energy and the curing period graph suggested a weak relationship within the framework of 

the dataset and hence, need further research exploration. 

  
                            (a) Graph of GF vs. concrete grade                                                     (b) Graph of GF vs. w/c ration 
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(c) Graph of GF vs. max displacement (d) Graph of GF vs. max load at fracture 

  

(e) Graph of GF vs. curing period (f) Graph of GF vs. tensile strength 

Figure 10. Fracture energy (GF) graphs with independent variables 

The predicted fracture energy in relation to the actual fracture energy for the study is depicted in Figure 11. From 

Figure 11, with a R2 value of 0.87, the efficacy of the model is well established. 

 

Figure 11. Actual vs. Predicted 𝑮𝑭 graph 
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To test the strengths and weaknesses of the model, error analysis in terms of the mean absolute error (MAE), the 

mean absolute percentage error (MAPE), the root mean squared error (RMSE), and 𝑅2 values have been computed and 

tabulated as in Table 10. 

Table 10. Error Analysis 

Mean Error 10.2 

Standard Deviation 31.75 

R2 0.87 

MAE 12.43 

RMSE 17.68 

MAPE 18.02 

The developed model (Equation 12) has exhibited a high coefficient of determination (𝑅2) value and good model 

accuracy as reflected by the MAE, RMSE, and MAPE percentage values. Overall, the model developed can be 

considered robust and consistent for similar data sets and variables. 

4. Conclusion 

The fracture energy values of the unnotched specimen were found to be noticeably higher than the fracture energy 

values of the notched specimen. This was ascribable to the fact that notches are areas of stress concentration and lead to 

lower fracture energy estimations than the actual energy values. The experimental results substantiated the conclusion 

of Darwin et al. (2001) that increasing compressive strength among higher grades of concrete specimens, indicative of 

increasing brittleness. A possible explanation for this direct relation was the inability of concrete to dissipate higher 

energy at peak loads of fracture for increasing grades of concrete. An observation of the fracture failure mode of the 

unnotched specimens suggested the fracture failure occurrence within the specimen central region and hence, was similar 

to the notched specimen failure modes. The sensitivity analysis of the MGGP model highlighted that the maximum 

displacement at failure, maximum load at failure, water-cement ratio, and tensile strength of specimens have a 

pronounced impact on the fracture behaviour. The sensitivity analysis also revealed, within the framework of the 

experimental and literature datasets used for the model, the lesser influence of the curing period and the concrete grade 

on the fracture behaviour. The unique MGGP model developed with six influential parameters can be considered robust 

and accurate based on the error analysis and the R2 values and is a significant contributor to the new knowledge in the 

domain when based on the experimental results of notched and unnotched specimen concrete fracture energy 

determination. 

The limitations of the study were that a relatively small sample size for specimens was utilized, and a single cross 

section of the specimens was employed in the study. The study holds much promise and should be extended to cover 

varying maximum aggregate size, different specimen cross sections, and also SCM-based concrete and fibre-reinforced 

concrete in the future. 
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