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Abstract

In this paper, direct variational calculus was put into practical use to analyses the three dimensional (3D) stability of
rectangular thick plate which was simply supported at all the four edges (SSSS) under uniformly distributed compressive
load. In the analysis, both trigonometric and polynomial displacement functions were used. This was done by
formulating the equation of total potential energy for a thick plate using the 3D constitutive relations, from then on, the
equation of compatibility was obtained to determine the relationship between the rotations and deflection. In the same
way, governing equation was obtained through minimization of the total potential energy functional with respect to
deflection. The solution of the governing equation is the function for deflection. Functions for rotations were obtained
from deflection function using the solution of compatibility equations. These functions, deflection and rotations were
substituted back into the energy functional, from where, through minimizations with respect to displacement coefficients,
formulas for analysis were obtained. In the result, the critical buckling loads from the present study are higher than those
of refined plate theories with 7.70%, signifying the coarseness of the refined plate theories. This amount of difference
cannot be overlooked. However, it is shown that, all the recorded average percentage differences between trigonometric
and polynomial approaches used in this work and those of 3D exact elasticity theory is lower than 1.0%, confirming the
exactness of the present theory. Thus, the exact 3D plate theory obtained, provides a good solution for the stability
analysis of plate and, can be recommended for analysis of any type of rectangular plates under the same loading and
boundary condition.

Keywords: Exact Solution; Direct Variational Method; Compatibility Governing Equation; Critical Buckling Load; Stability Analysis;
Trigonometric; Polynomial Displacement Functions.

1. Introduction

The captivating properties; light weight, economy, and ability to withstand loads, etc. of plate materials have made
them to be widely used in different engineering field [1]. Plate structures are used in structural engineering,
mechanical engineering, and aerospace engineering etc., in making retaining walls, floor slabs, bridges, railways, ships
etc. [2, 3]. The plates are usually under the action of axially compressive or tensile loads acting in the mid-plane of the
plate. This axial load at the boundary perpendicular to the mid-surface and distributed through the plate’s thickness is
known as the in-plane compressive load [4]. The in-plane loading in an elastic plate material beyond its critical values
generates structural instability thereby result to the buckling of the plate when a very large stresses are induced [5].
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Critical buckling load becomes the greatest load which causes an axially loaded plate to lose its stability [6]. To avoid
failure of the plate due to buckling of the plate structure, relatively more accurate and practical studies on stability
analysis of plate is required.

The classical plate theory (CPT) based on Kirchhoff assumptions [7] is normally used for plate analysis. The CPT
neglects the effect of shear deformation, which would cause the plate to deform thereby making the theory
inconsistent. In other words, the thin plate model still makes the assumption that normal stress and strain along the z
axis (ez and ay) are zero and also assumed that the transverse shear stress (7, and 7,,,) are zero. This assumption
has discovered to have introduced errors, hence does not offer a very accurate analysis of plates in which the
thickness-to-length proportion is relatively large [8]. Consequently, the refined plate theory (RPT) evolved. The RPT
considered the effect of shear deformation. The theory is based on the assumption that the vertical line which is
normal to the mid- surface before deformation do not remain normal after deformation, but remain straight [9-11]. The
RPT includes; first order shear deformation theory (FSDT or Mindlin plate theory require a shear correction factor in
the kinematics formulation to satisfy constitutive relations and achieve accepted variation of transverse shear stress
through the thickness of the plate [12-14].

Sadrnejad et al. (2009) and Ghugal et al. (2011) applied the hyperbolic shape function in their work, to obtain the
bending and vibration equations of thick rectangular plates while Shufrin (2005) studied the buckling and vibration
analysis of thick rectangular plate. Both Sadrnejad et al. (2009), Ghugal et al. (2011) and Sadrnejad et al. (2009) and
Sayyad et al. (2012) used FSDT in their analysis, but not considered a polynomial displacement function which is
easier to apply or trigonometric function that yields almost an exact function. The FSDT has a limitation of inclusion
of a shear correction factor. In avoiding shear correction factor for an improved reliability in the thick plate analysis, a
higher order shear deformation theory (HSDT) were implored [12-16]. This is because, the complication (shear
correction factor) added produces a limitation when used for the analysis plate especially when the plate is relatively
thick. Saffron, and M. Eisenberger (2005) [14] used both first order shear deformation theory (FSDT) and higher order
shear deformation theory (HSDT) in their analysis of isotropic plate while Reissner (1979) [15] applied the same to
anisotropic plate material. Onyeka et al. (2021) and Senjanovi¢ et al. (2013) [17, 18] utilized the analytical approach to
get the exact polynomial displacement function from the governing equation. They did not apply trigonometric
function which gives closer form solution than polynomial whose exact function tends to infinity. Meanwhile,
Reissner (1979), Ibearugbulem (2016), Onyeka et al. (2021) and Senjanovi¢ et al. (2013) [15-18] did not consider the
effect of the in-plane load on the stability of the structure. The HSDT or moderately thick plate theory developed by
previous scholars is an improvement of the FSDT, due to its avoidance of shear correction factor and has been applied
successfully by different researchers in the stability analysis of thick plates [19-25].

Reddy and Phan (1985) [19] studied the stability and vibration of isotropic, orthotropic and laminated plates. They
applied the higher-order shear deformation theory to obtain the governing equation for the buckling analysis of thick
rectangular plate. They also performed the vibration analysis for both isotropic and orthotropic plates, while Ghugal
and Sayaad (2014) [20] studied the buckling and vibration of plates using exponential shear deformation theory
(ESDT). Sayyad and Ghugal (2012) [21] used the same theory to analyze thick isotropic plates under biaxial and
uniaxial in-plane loads using an assumed exponential displacement function. Another study was carried out by Gunjal
et al. (2015) [22] using refined trigonometric theory (TSDT) to obtain the buckling load of thick isotropic rectangular
plates. Ibearugbulem et al. (2020) [23] used orthogonal polynomial displacement functions (OPDF) and a polynomial
shear deformation function f (z) in the buckling analysis of isotropic thick rectangular plate subjected to uniaxial in-
plane compressive loading, Nx. The same type of function (polynomial displacement shape function) was also applied
by Ezeh et al. (2018) [24], in their work, the free vibration and stability analysis of thick isotropic and orthotropic
plates with SSSS and SSFS support conditions were performed by applying the alternative Il theory. An alternate 11
theory is an improved shear deformation theory whose kinematics formulation involves the addition of the classical
and shear deformation parts of the in-plane displacements to give the total in-plane displacements. This theory is an
improvement on HSDT and FSDT. Meanwhile, literature proves that the formulated Alternative Il relationship
introduces some error in the result of the analysis [25]. The Alternate | theory formulation circumvents the inclusion of
classical plate theory part of the in-plane displacement in the formulation of the total in-plane displacement
kinematics. This Alternative | theory is derived from Mindlin theory (without shear correction factor) which is
discovered to be an improvement of the Alternative Il theory in the thick plate analysis since it proved to be more
consistent than other plate theories, but it still poses a limitation of zero vertical stress (o) and strain (&,).

Literatures found that previous scholars have studied the stability analysis of plate using CPT and different
incomplete 2D theories (including Alternative | and 1l theory) to determine the buckling load. This makes it an
incomplete 3D analytical approach because it does not include all the stress and strain in the plate, rather it neglect the
strain and stress along the thickness direction (&, and o). It was discovered that neglect of this stress under-estimates
the buckling load of the plate, therefore, for a thick plate stability analysis, a typical 3-D analytical plate theory is
required. A typical 3-D plate theory involves all the six strains and stress components, unlike RPT and improved RPT
which assumed that the strain normal to the x-y plane (c,) is so small that it can be neglected Furthermore, it is
recorded that previous theories of incomplete 3-D are approximations of the elasticity three-dimensional equilibrium
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equations and cannot be reliable for thick plate analysis as they will not give an exact solution. The exact 3-D plate
theory gives a value of deflection and buckling load for all the categories of plate (thin, moderately thick and thick
plate).

However, Pagano (1970) and Uymaz et al. (2012) studied an exact elastic behavior of bi-directional functionally
graded composite plates subjected to different axial loading plates using 3-D plate theory to determine the stress
element that induces deformation in the plate structure by employing a the Ritz method with Chebyshev polynomials
as assumed displacement functions. Uymaz et al. (2012) considered in-plane load the effect of the in-plane load on the
buckling of the plate structure but Pagano (1970) did not consider the effect of the in-plane load on the stability of the
structure thereby limited their work. Singh and Singh (2016) solve the same problem using a numerical approach
which is an approximate method in the plate analysis. It was discovered that by assuming the displacement function,
the result of the 3-D plate stability analysis will also yield an approximate solution [26-29]. An approximate solution
is limited in application as it could only give the values of stresses and displacement at a specific point (not any point)
of the plate. Lee (1967) [29] overcome that limitation by presenting a 3-D stability analysis of plate using Levy type
solution approach derive the governing equation and determine the effect of the in-plane load on the buckling of the
plate structure. The Levy being an analytical approach is reliable but poses a challenge of difficulty in solving of
Fourier series expansion and the state-space process which is associated to Levy type solution especially when applied
in a complex system. Moslemi et al. (2016) [30] studied a 3-D TSDT for rectangular isotropic thick plate analysis,
which is simply supported edge. Though the method they applied bridged the limitation associated with the work of
Pagano (1970), Uymaz et al. (2012) and Lee (1967) by formulating the exact displacement function, it can be seen in
their analysis that they did not apply polynomial function which is easier to apply especially in the case of complex
support conditions. They carried out the 3-D stability analysis but they did not obtain the buckling load of simply
supported plate by varying stiffness properties and the aspect ratio. This gap in the literature is worth filling.

In this research, an improved three-dimensional elasticity theory was applied in the three-dimensional plate
analysis under uniaxial compressive uniformly distributed load. The aim of this work is to study the exact three-
dimensional stability analysis of rectangular plates that is simply supported at the four edges to determine the critical
buckling load using the variational method.

2. Research Methodology

In this section, the formulation and derivation of the equations for the analysis in this study are achieved. Different
stages of the processes involved in achieving the goal are presented in the flowchart. The shows the procedures taken
in the determination of the critical buckling load for the three- dimensional stability analysis of thick plate.

3D kinematics-constitutive relation of elasticity theory is formulated

Y

Establishing the total potential energy equation of 3D plate

Obtaining the equilibrium equation from the energy equation

L |

The general differential equation were established to get an
exact deflection function of the plate

¥

The rotation function was gotten by solving the equilibrium
equation by applying the function of deflection as was obtained

¥

The algebraic value of coefficients of deflection and rotation coefficient is obtained
from the energy equation by substituting the value of deflection and rotation

:

Substituting the coefficients deflection and rotation into displacement and stress equation gives
the formular for calculating the buckling load of the plate

Figure 1. Flowchart of the research methodology
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2.1. Kinematics

The displacement field includes the displacements along X, y and z-axes: u, v and w respectively. After bending of
the plate the x-z section and y-z section, which are initially normal to the x-y plane before bending go off normal to
the x-y plane as seen in Figure 2. Six strain components are:

_Ou 006, 1
T dx “ox 1)
v a0,
EyZEZZW (2)
ow
gzzg (3)
_6u+6v_ 66’x+ a0, 4
Yo =y tox %3y TPox (4)
_6u aw_ +6W .
Ve =5, Y ax =0t 5, )
_6v+aw_9 +6W 6
B2 =%z oy T T oy ©)

Where; The symbol w denotes deflection, the symbol u denotes in-plane displacement along x-axis, the symbol v
denotes in-plane displacement along y-axis, the symbol 6, denotes shear deformation rotation along x axis, the symbol
6, denotes shear deformation rotation along the y axis, the symbol &, denotes normal strain along x axis, the symbol
&, denotes normal strain along y axis, the symbol ¢, denotes normal strain along z axis, the symbol y,,, denotes shear
strain in the plane parallel to the x-y plane, the symbol y,., denotes shear strain in the plane parallel to the x-z plane,
the symbol y,,, denotes shear strain in the plane parallel to the y-z plane.

Top fiber
Gx or Gy J A

Total deformation line >

// ~
Middle surface / Bottom fiber

Figure 2. Rotation of x-z (or y-z) section after bending

The spatial dimensions of the plate along x, y and z-axes are a, b and t respectively. More so, the non-dimensional
form of coordinates are R = x/a, Q = y/b and S = z/t corresponding to X, y and z-axes respectively. The aspect ratio
(b/a) is denoted as B. In terms of non-dimensional coordinates the six strain components are written as:

_Std6,

R "
_ St 90y
&y = aB 40 8
10w
& =155 )

_ston | st00,
Yxy = ap a0 t 2 or (10)

10w
Yez = Ox t o2 (11)

1 ow
% =9t 230 (12)
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2.2. Stress-Strain Relation

The stress-strain relationship are analyzed in this section by applying the established relation (strain-displacement
relation) in the previous section, to determine the value of stresses in the plate. These stresses are described using
generalized Hooke’s law given as:

(1 —p) I 7 0 0 0 Jre,
o I 1-p I 0 0 0
.y u wo Q- 0 0 0o || &

y 1-2
) [ N AL (13)
Vxz (1 + ,LL)(l - 2/") 1_2# Yxz
Vyz 0 0 0 0 (—) 0
ny 2 10 Vyz
0 0 0 0 0 (T“> Yy

Substituting Equations 7 to 12 into Equation 13 and writing the equations of the six stress components one by
one in term of the displacements gives:

_ EtS ayx H 69y pa  ow

Ox = Tema-zma [( K. t 590 T as (14)
_ EtS 20 | (1—p) 6& Ha dw

Oy = (1+/.L)(1—2/.L)a[ o T o0 Tsezas (15)
_ EtS 00y | K 69y (1-wa 6_w

0z = (1+/.L)(1—2/.L)a[ ® T o0 T s s (16)
_ _sG-zs  [106; 00y

Ly = 2(1+p)(1-2p)a’ [/3 aQ + aR (17)
_ EQ@-2wpts a 10w

Lez = 21+p)(1-2p)a’ Lts 7% 7 tsar (18)
_ EQ-2wts a 1 ow

tyz = 2(1+p)(1-2p)a’ [ts y T BtS 8Q (19)

Where: the symbol u denotes poisons ratio, the symbol E denotes modulus of elasticity of the plate, the symbol o,
denotes stress normal along x axis, the symbol o,, denotes stress normal along the y axis, g, denotes stress normal
along the z axis, the symbol z,,, denotes shear stress along the x-y axis, the symbol z,., denotes shear stress along the
X-z axis, the symbol 7, denotes shear stress along the y-z axis.

2.3. Strain Energy
Strain energy is defined as the average of the product of stress and strain over the volume of the plate. This is
expressed mathematically as:

=[S e o edx dy dz =2 [ [ [°0 o.2dR dQ dS (20)

0.5t

Substituting Equations 7 to 12 and Equations 14 to 19 into Equation 20 gives:

_ Et3ab 1,1 005 ez (06:\2 | S206, 96, | (1-p) oo (90 (-24) oz (06:\2 | (1-24) o3 (90\°
U_2(1+u)(1—2u)a2f0 Jo f—o.S[(1 WS (a;z) +/3 R o0 T g B2 § (aq) + 2p2 § (aQ) S (aR) +
(-2 ( , 2 S2 (aw ZE)W 2a.6) Zf)w) pa (96, aw | 1 90, aw
£2(a ( 0. + a6, +(6R) +ﬁ2(aQ) +2a.6,8 2522%) 4 g5kt (2%, aS+B.6Q.as)+ (21)
(- u)a

£ ]deQ ds

Simplifying and carrying out the integration of Equation 21 with respect to S gives:

_ D'ab 106, 30, | (1-p) (00\% | (1-24) (36\2 | (1-24) (36,\% | 6(1-24) [ » 2
=S to o [(1 )(%2) G Sy o0 (Th) 4 (20 (S) 4 G20 (T} 4 €20 (0202 4 20, +

(g_;;)z b (27 4 20,0, 20 4 20000, (o 00)%) g g

(22)
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Given that D* is the Rigidity for three-dimensional thick plate, let:

3 —
Dr=—2t =p &0 (23)
12(1+pw)(1-2p) 1-2p)

Given that D is the Rigidity of the CPT or incomplete three-dimensional thick plate, let:

Be? (23b)

T 2(1-u2)

2.4. Total Potential Energy Functional

The total potential energy function (/J) is the algebraic summation of strain energy (U) and external work (V).
That is:

[/I=u-v (24)
However, the external work for buckling load is given as:

=abNxf f (6w) dR dQ (25)

2a?

Where; N, is the uniform applied uniaxial compression load of the plate.

Substituting Equations 22 and 25 into Equation 24 gives:

_ D*ab _ % 106, 30y | (1-w) (30y\2 | (1-2p) (96:\? | (1-2) (36,\? | 6(1-21) ( 5, 2 (26)
- ff [(1 ) t 5 et (aq) + (aQ) +— (aR) + = (a?6,” +

b +(ZZ) +ae(G) + 2005+ SR E) H R (5) - () |am de

2.5. Compatibility Equation

The minimization of the total potential energy functional with respect to 6, and 6,, gives the equilibrium equation
(Compatibility Equation) to the rotation about the axis x and y as presented in Equation 27 and 28 respectively:

01‘1 D*ab _ 920, i 92 Oy (1-2p) 826y 6(1—2/4) 2 (27)
Ere _ZZII [(1 )aRZ +2[>’ aRaQ+ 2p2 602+ t2 ( O +a. )]deQ_O

om _ D*ab (1 (1[1 026 | (1-w)d%*6y  (1- z,,) 226, 6(1 2/,1) ) a.ow _ (28)
26, = 22 Jo o Lg'aRaQ IR 2+ (20, +Baq)]dR dQ =0

2.6. Solution to Compatibility Equations

The governing equation in this study was solved twice. Firstly, it was solved analytically in this section, to relate
one variable to another variable with many unknown coefficients thereby yielding a solution of the compatibility
equation as determined in Equation 46. This was done by substituting Equation 46 into Equation 48 (Governing
Equation) to get Equation 49. The aim is to use Equation 46 to simplify the complex Equation 48 to yield Equation 49.
Secondly, it was solved numerically in the subsequent section to get the exact equation for those unknown coefficients
by getting the unknown constant which will yield two governing equations of a 3-dimensional rectangular plate in
Equation 57 and 58. The solution of Equation 57 and 58 yields an exact solution to the differential equation for
deflection and buckling load (67a, b) and (90 or 91) respectively. The Equation (67a, b) becomes the general
characteristic equation which is an expression that when subjected to a particular boundary condition will yield a
particular solution for the deflection in Equation (92a, b).

We get general solution that will be from the law of addition, the two terms can be added when they are of the
same nature. Using law Equations 11 and 12 can be rewritten as:

1 ow c ow

O =T "R Taom (29)

1 ow c ow

9y=yyz_ﬁ'£=ﬁ'£ 0
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Where ¢ is a quantity whose expression or value shall be obtained later.
For Equation 27 to be true, its integrands can be taken to be zero. That is:

1 08%6, | (1-24) %6, , 6(1-24)

OR? 2B " 0RAQ 22 9Q2 t2

1- (aa9+a—) 0

For Equation 28 to be true, its integrands can be taken to be zero. That is:

2 &ow
9+ﬁ60

2B " 0RAQ B2 9Q2 2 0R? t2

1 026, , (1-p) 0826, = (1-2u) 026, n 6(1—2,[1)( a. aw) -0

Substituting Equation 29 into Equation 31, simplifying and factorizing the outcome gives:

wla-n5E G-+ 5P (14 D) =0

Substituting Equation 30 into Equation 32, simplifying and factorizing the outcome gives:

(1-p) 3%w |, 6(1-2p)a? 1\ _
—,U)+ 52 W-I_T(l +Z)] =0

1 0w [d°w

B Q [6R2

Factorizing Equation 33 gives:

1 62_w (1—2;.L)02_W 6(1-2p)a? 0N _
[( aR2 ,82 1 9Q2 + 282 9Q2 + t2 '(1 + c)] =0

Factorizing Equation 34 gives:

1 9wl 22w (1—u)62_w (1—2p)az_w 6(1-2p)a? (1+1)] -0
B a0 |2 ar2 B2 9Q2 2  9R? t2 : cJI ™

One of the possibilities of Equation 35 to be true is for the terms in the bracket to sum to zero. That is:

STy L P, Gomaty | suomet (1)
(1 u)aR2+2ﬁ2.an+ 25 an+ = .1+C =0

Simplifying Equation 37 gives:

%w 1 6(1-2p)a? 1\ _
A-w3z +5 aQ2(1+(1_2 W)+ (1+Z)_0

This gives:

P 1w s
-5 + 550w+ 55 (1+) 0

One of the possibilities of Equation 38 to be true is for the terms in the bracket to sum to zero. That is:

Pw | (1-wadw | (1-2w) d%*w | 6(1-2pa’ 1\ _
" 9R2 B2 302 2 aR2+ t2 '(1+c)_0

N |-

Simplifying Equation 40 gives:

1 _ (1-w) a%w . 6(1-2p)a? 1\ _
2.W(1+(1 2W) + T .(1+C)_0
This gives:
(i—u)az_w 6(1—2p)a” 1\ _
aR2 z(1- W+ B2 302 T '(1 + c) =0

Adding Equations 39 and 42 gives:

1 9%w 6(1-2p)a? 1-p d*w | 6(1-2p)a? 1\
=5+ 5 (= + S (14 2) + 81— + ST+ S0 (14 ) = 0
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This gives:
2(1—p)62w 12(1-2p)a? 1\ _
2(1—u)aR2 P e -(”Z)—O (44)
This gives:
(1 u)a2 6(1—2p)(1+c)a? 1 _
( ) 6R2 B2 6Q2 tizz =0 (45)

Rearranging Equation 45 gives:

6(1—2p)(1+c) _ c(1-w (9%w | 1 9%w
m = =P (T ) (46)
2.7. Governing Equation

The minimization of the total potential energy functional with respect to deflection (w) gives the equilibrium
equation (Governing Equation) along the z-axis as presented in Equation 47. That is:

120-2) (w3 Pw 00 ad8) |, (-wat w ok
w 2a2ff[ (aR2+,82'aQZ+a'aR Baq)+2 t* T as2 ZD*'aRZ]deQ_O (47)

Substituting Equations 29 and 30 into Equation 47 and simplifying the outcome gives:

D [0 (P L Py U Ne W) g g = (48)

dRZ B2 9Q2 t* 9s2 D* " OR?

Substituting Equation 46 into Equation 48 and simplifying the outcome gives:

2 *w 1 B“_W (1-pwa* az_w_ Nya* _
(0R4 B2 9R29Q2 + /34'6Q4) + gt* ' as? gD* 6R2] dRdQ =0 (49)

2a4
Given that g is the shear deformation profile (shear deformation line), let;

9=9@) =c(l—-p (50)
Assuming the solution to be separable, it can be written that:

w(R,Q,S) = wr(R).wo(Q)-ws(S) (51)

More so, let the deflection be defined as:

w(x,y,z) = wyi(x,y). ws(2) (52)
Where:
wi(x,y) = wr(x). wo(¥) (53)

Substituting Equation 53 into Equation 49 gives:

9% w1y 2 9tw, 1 9%*w, (1-wa* 9%wg Nya* 92w _
2a4f f [( art Y52 arzaqr T gt 6Q4)WS tWi T s Ws ng* ' aRzl] dR dQ =0 (54)
Rearranging Equation 54 gives:
a W1 2 9tw, 1 2%wy _ Nyia* Bzwl) ((1 wa* Bzws)] _
2a4 (aR4 Bz'aRzan + B4’ aQ* gD* ' OR? Ws + t+ " 9s2 dRdQ =0 (55)

For Equation 55 to be true, its integrand can be zero. That is:

o*w 2 o*w 1 d*w Nyja* 92w (1-pa* 92w
(Gt + 2 smagas + 5 o — o T ws + 2 (. 28) = 0 (56)
dR* B2 0R%9Q Bt 9t gb* "~ OR t* as
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One of the possibilities of Equation 56 to be true is for the terms in each of the two brackets sum to zero. That
is:

aR* ' BZ'9R23QZ ' p*' 9Q*  gD* | ORZ

2w 2 2*w 1 9%w Nyia* 92w
1 1 1 X1 1 — (57)

(1-wa* d%ws _
t4 " asz (58)

Equations 57 and 58 are the two governing equations of a 3-dimensional rectangular plate subject to pure
buckling.

2.8. Solution to Governing Equation

The numerical solution to the governing equation is obtained by solving Equation 57. This was done by
integrating Equation 57 with respect to R and Q to yield Equation in Equation 57 and 58. This Equation 57 and 58,
when solved gives an exact solution to the differential equation for deflection and buckling load (67a, b) and 90 or
91 respectively. This Equation (67a, b) becomes the general characteristic equation which is an expression that
when subjected to a particular boundary condition will yield a particular solution for the deflection in Equation
(924, b). The exact solution to the differential equation of 57 in trigonometric form is:

w; =[1 R Cos (c;R) Sin (c;R)] Z; 1 Q Cos(c;Q) Sin (c;Q)] Z; (59a)
a3 b3
The approximate solution to the differential equation of Equation 57 in polynomial form as:
[%] 7]
a; b,
w; = (1 R R?R3RY)|22(.(1 Q Q%Q3Q")|b, (59b)
as b3
la.] iy
In a more symbolized form, Equation 59(a, b) becomes:
Rearranging Equation 60 by bringing all the constants in one place and variable in another place gives:

The governing equations as obtained in Equation 58 will be solved to get the value of the constant (A,). The
non-trivial possibilities of Equation 58 to be true is for:

aZ
75 =0 (62)

Integrating Equation 62 once with respect to S gives:

owg _

Integrating Equation 63 gives:
WS = AO + Als (64)

Where: Ag and Az are constants of integration. At the extreme fibers (where S = £0.5) the straining of the plate along z
axis is allowed. However, the middle fiber (where S = 0) of the plate, straining of the plate along z axis is zero. Thus,
at the middle fiber, Equation 73 is zero. Equation 73 is the strain along z-axis. That is: at middle fiber;

Substituting Equation 74 into Equation 73 gives:
ws =4 (66)

Equation 66 implies that z-strip deflection of the middle surface of the plate is actually a constant and not a
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variable (or a function). Thus, it could be concluded that the theory reduces to Mindlin’s plate theory with the bending
stiffness D* in place of D (see Equations (23a, b)).

Substituting Equations 59a and 66 into Equation 52 gives:

ao by
w=Ay[1 R Cos (¢;R) Sin (c,R)] Z; {1 Q Cos (c,Q) Sin (¢;Q)] Z; (67a)
as b,
Substituting Equations 59b and 66 into Equation 52 gives:
[ W
w =124, [1 R R?R3R*]|z|.[1 Q Q2Q3Q*] |b, (67b)
Lo ”
a, b,
Substituting Equation 67a into Equations 29 and simplifying the outcome gives:
a, ZO
6, = E.AO. [1 ¢ Sin (¢iR) ¢;Cos (¢, R)] [azl 1 Q@ Cos (c;Q) Sin (c;Q)] b; (68a)
as b,
Substituting Equation 67b into Equations 29 and simplifying the outcome gives:
el
0, = g.AO. [1 2R 3R? 4R3] Zi .[1 0 0%2030%] |b, (68b)
& 5]
Substituting Equation 67a into Equations 30 and simplifying the outcome gives:
Ao b1
0, = é.AO. [1 R Cos (¢R) Sin (c;R)] Z; 1 ¢ Sin (¢,Q) ¢,Cos (¢,Q)] [Zzl (69a)
as 3

Substituting Equation 67b into Equations 30 and simplifying the outcome gives:

[%0] by
c o b
6, =E.A0.[1 R R2R3R*]|az2|.[1 20 302 403] bz (69b)
as 3
la, | by
In symbolic forms, Equations (68a and 68b) are:
0, = %RZ—Z (70)

In symbolic forms, Equations 69 (a and b) are:

— Az 0n

Hy ~ ap "aQ (71)
Where:

on

ah
Azq = c.Bg 50 Ag (73)

The constants ¢, Ay, Azand Aywhose values are unknown, will aid the solution of direct governing equation.
Therefore, substituting Equations 52, 61, 70 and 71 into Equation 26, simplifying and factorizing the outcome gives:

_ Db [ 2(°m\? 1 (-20Azr% | (1-2A20°] ( 9%h \? | (1-Azq® (9%h)?
IT= 2a% fo fo [(1 WA2R (aRZ) +BZ [AZR'A2Q+ 2 + 2 (0R6Q) + gt (0Q2) +

(74)
2 2 2 2 2
6(1 -2 (2) ([AZRZ + A% + 2008 () + oz [A2q? + A1 4+ 2815, (‘;—g) ) — A (o) ] drdQ
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Writing Equation 74 in more symbolized form gives:

1= L [(1 — WA Kpr + 75 [AZR AzQ + = 2uz)AZR = ZH)AZQ ]k +E L;%)AZQ Koq +6(1 -
(75)
NX 2A
2u0) (;) ([Azr® +A,% + 2A1A2R].kR e [A + A% + 2A1A2Q] ko) — 22 1 kR]
Where
112 1162h2 11 2p\2
kg =ff ~pz | dRAQ: kg =ff 3R30 dRAQ; koo = ff FE dRdO;
00 00 00
11 11
ah\? dh\?
o= | G ana 5 [ (G v
00 00
Minimizing Equation 75 with respect to Azr gives:
2
(1 —wAzrkgr + 2‘% [A20 + Azr(1 = 21)]kgq + 6(1 — 20) (%) [Azr + A1l kg =0 (76)
Minimizing Equation 75 with respect to Azq gives:
1-wA 2
£ koo + 37 [Aon + Asq(L = 2)]kng + 55 (1 = 210 (5) ([Azq + 1] ko) = 0 (77)

Rewriting Equations 76 and 77 gives:

[(1 — Whkgr + 2;2 1 ZH)kRQ +6(1— ZH) kR] Axp + [2,82 kRQ]AZQ = [ 6(1—2p) ( )2 ]A1 (78)

kRQ]AZR [(1 “) kQQ +—0- zﬂ)kRQ (1 - 2/1) kQ] Ay = [ g (1-2p) ( ) ]A1 (79)

[2/32 2/32

Solving Equations 78 and 79 simultaneously gives:

Ar = GoA, (80)
G, = (c12€23—Cc13€22) (82)
27 (c1zc12=c1122)
G. = (c12€13—€11€23) (83)
37 (cazc12-c1122)
2
e = (1= Wker + 355 (1 = 2kng +6(1 = 24 () ka (84)
(1 ) 6 2
Ca2 = # — koo + ZBZ a- Zﬂ)kRQ + ﬁ_l(l —24) (%) kq (85)
1 2 6 2
Ciz2 = C1 = Z’ﬁkRQi c13 = —6(1—2p) (%) kgr; c23 =35 = _ﬁ(l —2p) (%) kQ (86)
Minimizing Equation 75 with respect to A; gives:
an  D*ab a\? 1 Nya?A
= [6(1 —2) (%) (124, + 245e) kg + 240+ 2450) ko) — 2Tl.kR] =0 (87)
This gives:
2
6(1 =24 (%) ([41 + G,A1 ] kg + ;—2. [A; + GyAy]. kg ) = N"“ A kp =0 (88)
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Dividing Equation 88 through A, gives:

2 2

6(1—24) (%) ([1+ Gl ke + ﬁl—z [1+ Gal.kg) — 2= kg = 0 (89)
Rearranging Equation 89 and divided by m? gives:

Nxa2 _ a\? 1 kQ

= 6(1 - 21) (;) ([1 +6l 4+ 1+ Gg].a) (90)
Rearranging Equation 89 and using Equation 23, yields:

x 2 2 k
B =) (L + 6]+ ;—2. [1+ Gg].ﬁ) (91)

2.9. Numerical Problem

Determine the critical buckling Load of the rectangular ssss plate shown on Figure 3 for various aspect ratios and
span-depth ratio. The Poisson’s ratio of the plate is 0.25.

Figure 3. SSSS rectangular thick plate

The deflection functions in Equation (67a, b) after satisfying the boundary conditions in trigonometric and
polynomial forms are presented in Equation (92a) and (92b) respectively as:

w = ASin (m = R)Sin (7w * Q) (92a)
w = A(R — 2R® + RY)(Q — 2Q3 + Q%) (92b)
The stiffness coefficients for the trigonometric and polynomial deflection functions are presented on Table 1.

Table 1. Stiffness coefficients of SSSS plate for trigonometric and polynomial forms of deflection function

Deflection form krr kgo koo kg ko
it m* it m? 2
Trigonometry — — — —_ —
4 4 4 4 4

Polynomial 0.23619 0.235919 0.23619 0.0239 0.0239

3. Results and Discussions

As an indication of the error involved in using the classical plate theory, FSDT and HSDT for thick plate analysis,
consider the problem of all edges simply supported square plate subjected to a uniformly distributed uniaxial
compressive load presented in the Figure 3. A numerical result of the analysis is presented using the established
equation from the previous section. Equation 90 and 91 were used to obtain the numerical value of the critical
buckling load of the 3-D thick rectangular plate at varying stiffness, span to thickness ratio (a/t) and aspect ratio (8 =
b/a) of the plate.

For the non-dimensional values obtained in Tables 2 (considering Equation 90), it reveals that the values of critical
buckling load increase as the span- thickness ratio increases. At the span to thickness ratio of 5 (Considering Equation
90), the present theory predicts the buckling load of 3.7582 using trigonometric (Trig.) displacement function and
predicts 3.7604 using the polynomial (poly.) functions in the analysis. Similarly, at the span to thickness ratio of 10,
the present theory predicts the buckling load of 4.2884 using trigonometric (Trig.) displacement function and predicts
4.2913 using the polynomial (poly.) functions in the analysis. The result of trigonometric function being lower is quite
expected because they predict more exact solution and are economical in use compared to the polynomial whose exact
function tends to infinity. This shows that as the thickness of the plate decreases, the critical buckling load increases. It
can be deduced that, thinner the plate more failure tendency results.
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5 o o
alt Theories Scholars T:TT) (ﬁ?lg; ({ga';;
Present 3-D plate theory (Trig.) Present 3.7582
Present 3-D plate theory (Poly.) Present 3.7604
Alternative Il thick plate Ibearugbulem et al. (2020) [23] 3.3682 10.38 10.43
° ESDT thick plate Sayyad and Y. M. Ghugal (2014) [17] 3.2653 13.12 13.17
FSDT thick plate Shufrin, and M. Eisenberger (2005) [14] 3.2637 13.16 13.21
HSDT thick plate Reddy and N. D. Phan (1985) [19] 3.2653 13.12 13.17
Present 3-D plate theory (Trig.) Present 4.2884
Present 3-D plate theory (Poly.) Present 4.2913
Alternative Il thick plate Ibearugbulem et al. (2020) [23] 3.8220 10.88 10.94
10 HPSDT thick plate Sayyad and Y. M. Ghugal (2014) [17] 3.7866 11.70 11.76
FSDT thick plate Shufrin, and M. Eisenberger (2005) [14] 3.7866 11.70 11.76
HSDT thick plate Reddy and N. D. Phan (1985) [19] 3.7865 11.70 11.76
CPT plate Ibearugbulem (2016) [16] 4.0020 6.68 6.74

Comparing the result of the present study with those of CPT, FSDT and HSDT as presented in Table 2, it was
discovered that as the span-thickness ratio increases, the results of the present study become closer to those obtained
using the CPT [16], FSDT [14] and closest to those using other refined plate theory [19, 17, 21, 22, 24]. Then, it can
be said that the values obtained are in agreement with those obtained in the literature. It is noticed that the present
theory converges faster with RPT than the CPT and FSDT. This proved the reliability of the present model for thick
plate analysis. Hence, confirming the accuracy and reliability of the derived relationships.

The credibility of the relationship is given in the percentage difference calculation presented in the Table 2. The
average percentage difference between the present study (at a/t = 5) using trigonometric function and those of [14,
19, 17, 23] is about 12.4% while the average percentage difference between the present study using the polynomial
function and those of [14, 19, 17, 23] is 12.5%. This means that at the 87% confidence level, the values from the
present study are the same with those from of previous studies. Similarly, the average percentage difference between
the present study (at a/t = 10) using trigonometric function and those of [14, 19, 17, 23] is about 11.5% while the
average percentage difference between the present study using the polynomial function and those of [14, 19, 17, 23] is
11.6%. This means that at the 88 % confidence level, the values from the present study are the same with those from
of previous studies.

Table 3. Comparison of the critical buckling load factor ('Z";Z) of a rectangular plate with various span to thickness ratio
(a/t) and aspect ratio(B) under uniaxial load from different thick plate theories

B =bla
alt Theories
1 15 2 25
Present study (Trig) [T] 3.2970 1.8023 1.3728 1.1916
Present study (Poly) (P) 3.2990 1.8036 1.3739 1.1927
Moslemi et al. (2016) [30] 3.1530 - - -
Ezeh et al. (2018) [24] 2.9556 1.6255 1.2408 1.0783
Gunjal et al. (2015) [22] 2.9490 1.6620 1.2380 1.0760
5 Sayyad and Y. M. Ghugal [21] 3.0260 1.6540 1.2590 1.0930
%Diff between T and P 0.06 0.07 0.08 0.09
%Diff between T and [30] 4.37 - - -
%Diff between T and [24] 10.35 9.81 9.62 9.51
%Diff between T and [22] 10.56 7.78 9.82 9.70
%Diff between T and [21] 8.22 8.23 8.29 8.27
Present study (Trig) [T] 3.7622 1.9883 1.496 1.2911
10 Present study (Poly) (P) 3.7648 1.9899 1.4973 1.2924
Moslemi et al. (2016) [30] 3.7412 - - -
Ezeh et al. (2018) [24] 3.4249 1.8155 1.3668 1.1790
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Gunjal et al. (2015) [22] 3.4220 1.8120 1.3640 1.1780
Sayyad and Y. M. Ghugal [21] 3.4540 1.8250 1.3730 1.1850
%Diff between T and P 0.07 0.08 0.09 0.10
%Diff between T and [30] 0.56 - - -
%Diff between T and [24] 8.97 8.69 8.64 8.68
%Diff between T and [22] 9.04 8.87 8.82 8.76
%Diff between T and [21] 8.19 8.21 8.22 8.22
Present study (Trig) [T] 3.8997 2.041 1.5303 1.3186
Present study (Poly) (P) 3.9025 2.0427 1.5317 1.3200
Moslemi et al. (2016) [30] 3.9310 - - -
Ezeh et al. (2018) [24] 3.5691 1.8704 1.4034 1.2088
Gunjal et al. (2015) [22] 3.5650 1.8670 1.4000 1.2060
20 Sayyad and Y. M. Ghugal [21] 3.5820 1.8740 1.4050 1.2110
%Diff between T and P 0.07 0.08 0.09 0.11
%Diff between T and [30] 0.80 - - -
%Diff between T and [24] 8.48 8.36 8.29 8.33
%Diff between T and [22] 8.58 8.53 8.51 8.54
%Diff between T and [21] 8.15 8.18 8.19 8.16
Present study (Trig) [T] 3.9459 2.0585 1.5417 1.3277
Present study (Poly) (P) 3.9488 2.0601 1.5431 1.3290
Moslemi et al. (2016) [30] 3.9970 - - -
Ezeh et al. (2018) [24] 3.6172 1.8887 1.4148 1.2179
Gunjal et al. (2015) [22] 3.6130 1.8850 1.4120 1.2160
100 Sayyad and Y. M. Ghugal [21] 3.6250 1.8910 1.4160 1.2190
%Diff between T and P 0.07 0.08 0.09 0.08
%Diff between T and [30] 1.30 - - -
%Diff between T and [24] 8.33 8.25 8.23 8.27
%Diff between T and [22] 8.44 8.43 8.41 8.41
%Diff between T and [21] 8.13 8.14 8.15 8.19

a2

12’23 ) of a rectangular plate with various span to thickness ratio
(a/t) and aspect ratio(B) under uniaxial load from different thick plate theories.

Table 4. Comparison of the critical buckling load factor (

B =bla
alt Theories
1 15 2 25
Present study (Poly) (P) 3.2990 1.8036 1.3739 1.1927
Present study (Trig) [T] 3.2970 1.8023 1.3728 1.1916
Moslemi et al. (2016) [30] 3.1530 - - -
Ezeh et al. (2018) [24] 2.9556 1.6255 1.2408 1.0783
Gunjal et al. (2015) [22] 2.9490 1.6620 1.2380 1.0760
5 Sayyad and Y. M. Ghugal [21] 3.0260 1.6540 1.2590 1.0930
%Diff between Pand T 0.06 0.07 0.08 0.09
%Diff between P and [30] 4.43 - - -
%Diff between P and [24] 10.41 9.87 9.69 9.59
%Diff between P and [22] 10.61 7.85 9.89 9.78
%Diff between P and [21] 8.28 8.29 8.36 8.36
Present study (Poly) (P) 3.7648 1.9899 1.4973 1.2924
Present study (Trig) [T] 3.7622 1.9883 1.496 1.2911
10 Moslemi et al. (2016) [30] 3.7412 - - -
Ezeh et al. (2018) [24] 3.4249 1.8155 1.3668 1.1790
Gunjal et al. (2015) [22] 3.4220 1.8120 1.3640 1.1780
Sayyad and Y. M. Ghugal [21] 3.4540 1.8250 1.3730 1.1850
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%Diff between P and T 0.07 0.08 0.09 0.10
%Diff between P and [30] 0.63
%Diff between P and [24] 9.03 8.76 8.72 8.77
%Diff between P and [22] 9.11 8.94 8.90 8.85
%Diff between P and [21] 8.26 8.29 8.30 8.31
Present study (Poly) (P) 3.9025 2.0427 1.5317 1.3200
Present study (Trig) [T] 3.8997 2.041 1.5303 1.3186
Moslemi et al. (2016) [30] 3.9310
Ezeh et al. (2018) [24] 3.5691 1.8704 1.4034 1.2088
Gunjal et al. (2015) [22] 3.565 1.8670 1.4000 1.2060
20 Sayyad and Y. M. Ghugal [21] 3.582 1.8740 1.4050 1.2110
%Diff between Pand T 0.07 0.08 0.09 0.11
%Diff between P and [30] 0.73
%Diff between P and [24] 8.54 8.43 8.38 8.42
%Diff between P and [22] 8.65 8.60 8.60 8.64
%Diff between P and [21] 8.21 8.26 8.27 8.26
Present study (Poly) (P) 3.9488 2.0601 15431 1.3290
Present study (Trig) [T] 3.9459 2.0585 1.5417 1.3277
Moslemi et al. (2016) [30] 3.9970
Ezeh et al. (2018) [24] 3.6172 1.8887 1.4148 1.2179
Gunjal et al. (2015) [22] 3.6130 1.8850 1.4120 1.2160
100 Sayyad and Y. M. Ghugal [21] 3.6250 1.8910 1.4160 1.2190
%Diff between P and T 0.07 0.08 0.09 0.08
%Diff between P and [30] 1.22
%Diff between P and [24] 8.40 8.32 8.31 8.36
%Diff between P and [22] 8.50 8.50 8.50 8.50
%Diff between P and [21] 8.20 8.21 8.24 8.28

For the non-dimensional numerical result of the critical buckling load of the plate obtained at different stiffness,
span to thickness ratio) (a/t =5,10,20 and 100) and aspect ratio (8 = 1.0, 1.5 and 2.0) using the established
model (Equation 90 and 91) in the present study is presented in Tables 3 and 4. The result shows that the values of
critical buckling load increase as the span- thickness ratio increases. Looking closely at Tables 3 and 4, it is shown that
the increase in the value of the length-breadth ratio (8 = 1.0, 1.5 and 2.0) decreases the value of the critical buckling
load. In other words, the increase in the width of the plate increases the failure tendency of the plate structure.

In order to evaluate the validity of the of this work, the present study are compared to those of the past studies
using CPT, RPT (incomplete 3D) and 3D elasticity theory as presented in Table 3 and 4, a summary of the percentage
difference evaluation are presented in the Table 5 and Table 6 for trigonometric and polynomial functions
respectively. From Table 3, it finds that the average total percentage difference between the values from the present
study using the trigonometric displacement function and those of the 3D elasticity theory [30] is about 0.89%, while
the average total percentage difference between the values from the present study using the trigonometric
displacement function and those of the incomplete 3D theory [21, 22, 24] is about 8.79%. Similarly, from Table 4, it
finds that the average total percentage difference between the values from the present study using the trigonometric
displacement function and those of the 3D elasticity theory [30] is about 0.91%, while the average total percentage
difference between the values from the present study using the trigonometric displacement function and those of the
incomplete 3D theory [21, 22, 24] is about 8.85%. This shows the coarseness of the incomplete 3-D plate theory in the
thick plate analysis. Hence, it is shown that, all the recorded average percentage differences between trigonometric and
polynomial approaches used in this work and those of 3D elasticity theory [30] is lower than 1.0%. These differences
are insignificant, confirmed that the present theory provides a good solution for the 3D stability analysis of all types of
a rectangular plate. Meanwhile, the average percentage differences between the present work (trig. and poly.) and
those of incomplete 3D theory [21, 22, 24] is higher than 7.70%%. These differences being far higher than 5% are
quite unacceptable in statistics and cannot be overlooked. Thus, confirming that the incomplete 3-D refined plate
theory is unreliable for the stability analysis of thick rectangular plate.
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2
Table 5. Percentage difference between the values of the critical buckling load factor (]Z"; ) of a rectangular square plate

with various span to thickness ratio (a/t) under uniaxial load from present (Trigonometric) and past studies.

Absolute dif ference betwee present and past value

%Diff = Past value
Span-to depth ratio %Diff between T %Diff between T %Diff between T %Diff between T %Diff between T
(alt) and P and [30] and [24] and [22) and [21]
5 0.06 4.37 10.35 10.56 8.22
10 0.07 0.56 8.97 9.04 8.19
20 0.07 0.70 8.48 8.58 8.15
100 0.07 1.20 8.33 8.44 8.13
’g‘l’]ff?rgeﬁs/e" 0.07 171 9.03 9.16 8.17
0.89 8.79

Total % Difference
5.63

a2

Table 6. Percentage difference between the values of the critical buckling load factor (]:tg ) of a rectangular square plate
with various span to thickness ratio (a/t) under uniaxial load from present (Polynomial) and past studies.

Absolute dif ference betwee present and pasr value

%Diff =
Past value
Span-to depth ratio %Diff between P %Diff between P %Diff between P %Diff between P %Diff between P
(a/t) and T and [30] and [24] and [22) and [21]
5 0.06 4.43 10.41 10.61 8.28
10 0.07 0.63 9.03 9.11 8.26
20 0.07 0.73 8.54 8.65 8.21
100 0.07 1.22 8.40 8.50 8.20
Average % 0.07 175 9.10 9.22 8.24
Difference
0.91 8.85

Total % Difference

5.68

From Figures 4 to 13, comparison made from the present study and those from past scholars (RPT and incomplete
3D analysis) proves that, the incomplete three-dimensional shear deformation theory is only an approximate relation
for buckling analysis of thick plate and cannot guarantee safety in a typical thick plate analysis. Furthermore, the
trigonometric displacement functions developed to give a close form solution, thereby considered more accurate and
safer for complete exact three-dimensional stability analysis of plate than the polynomial displacement function. Its
use in the analysis of thick plates will yield almost an exact result. On the other hand, the polynomial displacement
function which predicts a slightly higher value of average percentage difference gives an approximate solution whose
exact value is tends to infinity.
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Figure 4. Graph of critical buckling load versus aspect ratio (a/t) for SSSS plate using trigonometric (T) and polynomial (P)
of the present study
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Figure 5. Graph of critical buckling load versus aspect ratio (a/t) for SSSS plate showing comparison between the present
study (trigonometric) (T) and Moslemi et al. (2016) (M)
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Figure 6. Graph of critical buckling load versus aspect ratio (a/t) for SSSS plate showing comparison between the present
study (trigonometric) (T) and Ezeh et al. (2018) (E)
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Figure 7. Graph of critical buckling load versus aspect ratio (a/t) for SSSS plate showing comparison between the present
study (trigonometric) (T) and Gunjal et al. (2015) (G)
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Figure 8. Graph of critical buckling load versus aspect ratio (a/t) for SSSS plate showing comparison between the present
study (trigonometric) (T) and Sayaad and Ghugal (2012) (S)
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Figure 9. Graph of critical buckling load versus aspect ratio (a/t) for SSSS plate using polynomial (P) and trigonometric (T)
of the present study
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Figure 10. Graph of critical buckling load versus aspect ratio (a/t) for SSSS plate showing comparison between the present
study polynomial (P) and Moslemi et al. (2016) (M)
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Figure 11. Graph of critical buckling load versus aspect ratio (a/t) for SSSS plate showing comparison between the present
study polynomial (P) and Ezeh et al. (2018) (E)
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Figure 12. Graph of critical buckling load versus aspect ratio (a/t) for SSSS plate showing comparison between the present
study polynomial (P) and Gunjal et al. (2015) (G)
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Figure 13. Graph of critical buckling load versus aspect ratio (a/t) for SSSS plate showing comparison between the present
study polynomial (P) and Sayaad and Ghugal (2012) (S)
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4. Conclusion

The 3-D exact theory is a plate theory that involves all the six strains (&, €y, €, Yxv) ¥xr and ¥y, ) and stress
(0,0, 04, Tuy, Tz and 7,,,) cOMponents in the analysis. Hence, they include more modulus of elasticity (E) and other
mechanical properties of the plate. As a consequence, the proposed 3-D approach always predicts buckling load
greater than those predicted by CPT, FSDT and polynomial and non-polynomial higher-order plate theories because of
these additional load (stresses), modulus of elasticity (E) and other mechanical properties of the plate. From the result
of percentage difference recorded, it can be concluded that the classical theory is good for thin plates, but over-
predicts buckling loads in relatively thick plates. Hence, the incomplete three-dimensional refined plate theory is only
an approximate relation for buckling analysis of thick plate (although it turns out to be exact in the case of pure
bending). Furthermore, the trigonometric displacement shear deformation theory developed to give a close form
solution, thereby considered more accurate and safe for complete exact three-dimensional thick plate analysis than the
polynomial. Its use in the analysis of thick plates will yield almost an exact result. On the other hand, the polynomial
displacement function which predicts a slightly higher value of average percentage difference gives an approximate
solution whose exact value is tends to infinity. Thus, confirming that the exact 3-D plate theory using polynomial and
trigonometric displacement function provides a good solution for the stability analysis of plates and, can be
recommended for analysis of any type of rectangular plate under the same loading and boundary condition.
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